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Oblique  and  parallel  modes  of  vortex  shedding 
in  the  wake  of  a  circular  cylinder  at 
low  Reynolds  numbers 

By  C.  H.  K.  WILLIAMSONf 

(Jraduate  Aeronautical  Laboratories,  California  Institue  of  Technology. 

I’a.sadena,  CA  91125.  I'SA 

(Received  30  September  1988  and  in  revised  form  19  February  1989) 

Two  fundamental  eharacteristics  of  the  low-Reynolds-number  cylinder  wake,  which 
have  involved  considerable  debate,  are  first  the  existence  of  discontinuities  in  the 
Strouhal -Reynolds  number  relationship,  and  secondly  the  phenomenon  of  oblique 
vortex  shedding.  The  present  paper  show's  that  both  of  these  eharacteristics  of  the 
wake  are  directly  related  to  each  other,  and  that  both  arc  influenced  by  the  boundary 
conditions  at  the  ends  of  the  cylinder,  even  for  spans  of  hundreds  of  diameters  in 
length.  It  is  found  that  a  Strouhal  discontinuity  exists,  which  is  not  due  to  any  of  (he 
previously  proposed  mechanisms,  but  instead  is  caused  by  a  transition  from  one 
oblique  shedding  mode  to  another  oblique  mode.  This  transition  is  exi)lained  by  a 
change  from  one  mode  where  the  central  flow  over  the  span  matches  the  end 
boundary  conditions  to  one  where  the  central  flow  is  unable  to  match  the  end 
conditions.  In  the  latter  case,  quasi-periodie  spectra  of  the  velocity  fluctuations 
appear:  the.se  are  due  to  the  presence  of  spaiiwise  cells  of  different  frequency.  During 
jH'riods  when  vortices  in  neighbouring  cells  move  out  of  phase  with  each  other, 
vortex  dislocations'  are  observed,  and  are  associated  with  rather  complex  vortex 
linking  between  the  cells.  However,  by  manipulating  the  end  boundary  conditions, 
parallel  shedding  can  be  induced,  which  then  results  in  a  comj)letely  continuous 
Strouhal  curve.  It  is  also  universal  in  the  sense  that  the  oblique  shedding  Strouhal 
data  (*S'g)  can  be  collapsed  onto  the  parallel-shedding  Strouhal  curvt'  (.S'^)  by  the 
transformation.  S„  =  S„/cosd.  where  0  is  the  angle  of  oblique  shedding.  Close 
agreement  between  measurements  in  two  distinctly  different  facilities  confirms  the 
continuous  and  universal  nature  of  this  Strouhal  curve.  It  is  believed  that  the  case 
of  parallel  shedding  represents  truly  two-dimensional  shedding,  and  a  comparison  of 
Strouhal  freciuency  data  is  made  with  st*veral  two-dimensional  numerical  simu¬ 
lations.  yielding  a  large  disparity  which  is  not  clearly  understood.  The  oblique  and 
parallel  modes  of  vortex  shedding  are  both  intrinsic  to  the  flow  over  a  cylinder,  and 
are  simply  .solutions  to  different  problems,  because  the  boundary  conditions  are 
different  in  each  case. 


1.  Introduction 

The  problem  of  the  wake  formation  behind  bluff  bodies  has  received  a  great  deal 
of  attention,  both  from  an  experimental  standpoint  and  more  recently  from  a 
theoretical/numerical  standpoint.  Nevertheless,  even  at  low  Reynolds  numbers 
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when  the  shed  vortices  remain  laminar,  there  are  some  rather  basic  questions  that  are 
not  understood. 

Since  the  first  extensive  measurements  of  vortex  shedding  frequencies  by  Roshko 
(1954),  there  has  been  remarkably  little  agreement  between  the  many  published 
curves  of  Strouhal  number  (S)  versus  Reynolds  numbers  (Re)  for  the  laminar 
shedding  regime  (between  Reynolds  numbers  of  49  to  178  in  the  present  study). 
Indeed  published  results  have  been  found  to  differ  by  almost  20%.  It  is  clear  that, 
even  though  the  measurement  of  the  wake  frequencies  is  a  simple  matter,  the 
frequency  itself  is  highly  sensitive  to  the  experimental  arrangement  and,  as  will  be 
found  here,  it  is  particularly  sensitive  to  three-dimensional  effects.  A  further 
characteristic  of  the  low-Rcynolds-number  flow  around  cylinders,  which  is  not  well 
understood,  is  the  presence  of  oblique  vortex  shedding,  whereby  the  axes  of  the 
vortices  are  shed  at  some  angle  to  the  cylinder  axis.  Although  this  oblique  shedding 
phenomenon  has  been  noted  by  several  authors,  no  investigation  has  been  carried  out 
to  understand  its  origin.  In  the  present  paper,  both  of  the  above  features  of  the  flow 
around  a  circular  cylinder  are  investigated. 

The  measurement  of  vortex  shedding  frequency  has  been  the  subject  of 
considerable  debate  since  the  observation  by  Tritton  (1959)  that  his  Strouhal  curve 
(i.e.  his  plot  of  Strouhal  number  versus  Reynolds  number)  was  discontinuous. 
He  found  two  Strouhal  curves,  one  of  them  corresponding  to  a  ‘high-speed’  mode 
above  Re  =  100.  with  a  jump  to  a  curve  corresponding  to  a  ‘low-speed’  mode  below 
Re  =  100.  Tritton  suggested  that  this  ‘Strouhal  discontinuity’  was  caused  by  a 
transition  from  an  instability  originating  in  the  wake  to  an  instability  originating  in 
the  immediate  vicinity  of  the  cylinder,  as  the  Reynolds  numbers  are  increased.  His 
discovery  of  a  discontinuity  in  the  Strouhal  curve  has  led  to  a  number  of  different 
explanations  since  that  time,  and  to  much  discussion  over  whether  the  discontinuity 
is  an  intrinsic,  ‘fluid-mechanic’  phenomenon,  irrespective  of  the  experimental  set-up. 

A  further  explanation  was  put  forward  by  Gaster  (1969).  He  observed  irregular 
modulations  of  the  velocity  signal  in  the  wakes  of  slender  cones,  which  were  caused 
by  the  presence  of  spanwise  cells  of  different  frequency.  Based  on  the  similarity  with 
Tritton "s  velocity  signals.  Gaster  .suggested  that  Tritton 's  breakdown  of  regular 
shedding  could  possibly  be  caused  by  the  existence  of  some  non-uniformity  of  the 
flow.  Tritton  (1971)  then  repeated  his  experiments  in  a  different  wind  tunnel  and 
again  observed  a  Strouhal  discontinuity  (in  this  case  near  Re  ^  110).  Still  further 
exjjeriments  by  Gaster  (1971)  provided  stronger  support  for  his  original  suggestion 
that  the  Strouhal  discontinuity  was  caused  by  free-stream  non-uniformities.  By 
forcing  the  flow  to  be  non-uniform  across  the  cylinder  span,  he  induced  spanwise  cells 
of  different  frequency  to  occur.  Measurements  of  shedding  frequency  versus  tunnel 
speed  at  a  single  point  demonstrated  a  discontinuity  under  these  conditions,  because 
the  freciuency  cells  were  found  to  move  along  the  span  as  the  speed  was  varied. 
However,  the  discontinuity  was  made  to  di.sappear  when  small  end-plate  disks  were 
placed  70  diameters  apart  along  the  span,  and  it  was  suggested  that  these  endplates 
limited  the  spanwise  movement  of  the  frequency  cells.  In  recent  support  of  Gaster's 
suggestions,  Mathis.  Provansal  &  Boyer  (1984)  also  proposed  that  the  Strouhal 
di.scontinuity  is  caused  by  flow  non-uniformity. 

Berger  &  Wille  (1972),  on  the  other  hand,  believed  that  two  intrinsic  modes  of 
shedding  exist,  as  put  forward  by  Tritton.  and  that  the  choice  of  which  mode  occurs 
at  a  given  Reynolds  number  could  be  dictated  by  the  level  of  turbulence  in  the  free 
stream.  Further  discontinuities  were  observed  by  Kohan  &  Schwarz  (1973)  and 
Friehe  (1980),  who  found  Strouhal  dLscontinuities  within  the  range  of  Re  from  70  to 
110  for  several  different  cylinders.  These  investigations  confirmed  that  a  Strouhal 
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disfontimiity  (mufh  like  Tritton's  result)  ean  exist  in  other  experimental  set-ups, 
although  its  eause  remained  a  question. 

An  alternative  view  was  taken  by  (ierrard  (1978)  who  suggested  that  his  Strouhal 
diseontiniiity  at  Ke  %  100  was  in  some  way  related  to  the  end  of  a  regime  of  Reynolds 
number  in  which  diffusion  of  vortieity  plays  a  primary  role  in  the  vortex  shc-dding. 

More  recently.  Sreenivasan  (1985)  interpreted  his  several  Strouhal  discontinuities 
as  being  involved  in  tbe  ‘route  to  chaos'  in  the  cylinder  wake.  Upon  investigating 
velocity  sjx'ctra  as  Reynolds  numbers  were  increased  in  the  laminar  regime,  he  found 
narrow  ranges  of  lie  in  which  'chaos'  was  observed,  and  the.se  were  sandwiched 
between  regions  of  ‘order',  (with  both  of  these  .states  characterised  by  the  velocity 
sj)ectra).  Thest>  were  interpreted  as  the  initial  stages  in  the  transition  to  turbulence. 
These  results  are  further  briefly  discussed,  in  the  light  of  the  present  w’ork.  in  §7. 

Subsequently.  \’an  Atta  &  (tharib  (1987)  showed  convincingly  how  some 
discontinuities,  which  might  be  observed  in  a  plot  of  Strouhal  number  versus 
Reynolds  number,  can  be  related  to  vibrations  of  the  cylinder  itself.  To  show  this 
clearly  they  monitored  c_\’liiidcr  vibrations  using  a  phofodetector.  and  also 
demonstrated,  by  damping  the  cylinder  supports,  that  several  Strouhal  dis¬ 
continuities  (which  occurred  at  multiples  of  a  fundamental  fre(]Uency)  could  be 
smoothed  out.  They  suggested  that  if  there  were  absolutely  no  vibration,  a 
StrouhaUReyiu)lds  number  plot  would  have  absolutely  no  discontinuities'.  A 
l)articularly  significant  aspect  of  their  work  was  this  .suggestion  that  indeed  there 
might  exist  a  continuous  S  lie  relationship. 

In  a  further  paper.  \’an  Atta.  (lharib  &  Hammache  (1988)  inve.stigated  the  wake 
of  a  vibrating  wire,  and  found  that  the  wake  velocity  sjH'ctra  were  influenced  by  the 
interaction  between  th('  vibrating  wire  fre<|uency  (near  the  antinodes)  and  the 
natural  shedding  frequency  (lu'ar  the  nodes).  This  interaction  was  found  to  cause 
both  quasi-iK'riodic  spectra,  and  also  spectra  with  a  ‘chaotic'  appearance.  dej)endent 
on  the  spanwise  position,  and  the.se  r(‘sults  demon.strate  further  the  importance  of 
body  vibration  in  determining  the  character  of  the  wake. 

Following  the  result  of  \’an  Atta  &  (lharib  (1987).  some  two-tiimensional 
numerical  simulations  by  Karniadakis  &  Triantafyllou  (1989)  also  have  relevance  to 
the  [iresent  (piestion.  They  detnonstrated  that  their  Strouhal  niitnber  varies 
cotitimiously  with  Reynolds  number  ever  a  range  of  He  from  40  to  250.  and  they 
found  no  evidetice  of  chaotic  behaviour  of  the  velocity  fluctuations  in  the  wake  (as 
had  been  described  by  Sreeniva.san).  In  this  re.s|>ect.  it  was  suppo.sed  that  their 
simulations  supported  the  conclusions  of  Van  Atta  &  (lharib  that  the  a.symptotic 
state  in  unforced  laminar  waki's  (for  example,  the  cyliiuler  not  vibrating)  is  jM'riodic. 
Their  conclusion  seems  reasonable  provided  that  the  flow  is,  in  fact,  two-dimensional. 
Howcv<>r.  in  an  ex[)eriment  a  cylinder  must  be  of  finite  length  aiul  therefore  will 
always  encounter  certain  end  conditions.  As  will  be  .seen  later,  it  is  for  this  reason 
that  the  flow  can  be  three-dimensional  even  in  a  uniform  free  stream,  and  it  may  then 
be  possible  for  the  laminar  wake  fluctuations  to  be  ipiasi- periodic,  without  the 
presence  of  external  forcing. 

Out  of  the  sc'veral  explanations  for  the  existence  of  discontinuities,  the  suggestions 
that  How  non-uniformity  (or  shear)  and  flow-induced  vibration  can  cau.se  jumps  in 
the  frequency  curve  are  consistent  with  the  results  of  several  other  .studies.  For 
example,  the  work  of  Maull  &  V'oung  (1973)  demonstraterl  the  prestmee  of  spanwise 
cells  of  different  frequency  when  a  cylinder  is  placed  in  a  shear  flow.  Some  spanw'ise 
movement  of  these  cell  boundaries,  as  the  overall  flow  sfHH'd  is  varied,  would  result 
in  discontinuous  changes  in  measured  frequency  at  a  |M»int.  Also,  it  is  well  established 
that  cylinder  vibrations  can  ‘lock-in  '  (synchronize)  with  the  shedrling  frerjuency  (to 
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one  or  more  of  its  natural  frequencies)  and  cause  jump  changes  in  the  shedding 
frequency  as  the  flow  speed  is  varied,  (see  for  example  the  review  by  Bearman  1984). 
However,  an  important  question  that  remains  is  whether  a  discontinuity  in  the 
frequency  curve  can  still  occur  even  if  cylinder  vibrations  or  flow  non-uniformity  are 
not  involved.  This  is  one  of  the  central  questions  in  the  present  paper. 

A  further  feature  of  laminar  vortex  shedding  that  is  rtdevant  to  the  question  of 
Strouhal  discontinuities  is  the  observation  that  vortices  can  shed  at  oblique  angles 
to  the  cylinder.  No  systematic  measurements  of  oblique  shedding  angles  have 
previously  been  made,  although  typical  angles  of  10°  to  20°  have  been  quoted.  From 
a  theoretical  standpoint,  linear  stability  analysis  of  wake-type  profiles  (with  inviscid 
parallel  flow)  can  be  used  to  show  that  two-dimensional  disturbances  have  a  greater 
temporal  growth  rate  than  oblique  disturbances.  This  can  be  demonstrated  in  a 
simple  manner  using  Squire's  transformation  (Squire  1933).  Also,  a  recent  study  by 
Monkewitz  (1988)  of  the  'absolute'  instability  of  a  limited  number  of  wake-type 
profiles  has  shown,  in  all  the  investigated  eases,  that  the  two-dimensional 
disturbances  were  the  most  unstable,  i.e.  that  we  should  expect  to  see  two- 
dimensional  or  parallel  shedding,  'yielding  no  clue  as  to  why  oblique  vortex  shedding 
is  often  observed'. 

In  the  ca.se  of  experiment,  there  are  .some  conflicting  results  for  the  oblique  angles 
at  which  vortices  are  shed.  The  observation  of  parallel  shedding,  in  a  towing  tank, 
by  Hama  (1957)  contrasts  with  observations  of  oblique  shedding,  made  in  a  wind 
tutinel.  by  Berger  (1964).  Berger  &  VVille  (1972)  later  suggested  that  the  low 
turbulence  lev('l  in  a  towing  tank  enables  parallel  shedding  to  occur,  whereas  the 
higher  turbulence  levels  expected  in  a  wind  tunnel  somehow  causes  thi'  oblique 
shedding.  They  also  pointed  out  that  end  elTects  could  be  important. 

With  relevance  to  this  (juestion,  a  detailed  iiive.stigation  by  Rambcrg  (1983)  on  the 
wake  of  a  yawed  cylinder  (a  cylinder  whose  axis  is  not  }X'rpendicular  to  the  free 
stream),  indicated  that  the  flow  was  sensitive  to  theemi  conditions.  He  showed  that 
changing  the  angle  of  th<'  endplates  of  his  yawed  cylinder  could  infliumcc  the 
shedding  angle  and  base  pressure  near  the  ends.  H(‘  further  observed  an  inter- 
dejK'ndence  between  the  shedding  fretpiency  and  the  shedding  angle.  The  results 
to  be  shown  iti  the  present  study  are  in  accordance  with  both  of  the  above 
conclusions. 

It  was  found  in  further  studies  by  (Jerich  &  Kckelmann  (1983)  and  (tcrich  (1980), 
using  a  wind  tunnel,  that  cells  of  low  fre((uency  exist  near  the  ends  of  a  cylinder, 
extending  over  spans  of  aroumi  10  diameters.  For  large  length-to-diameter  ratios 
(Ij/I)).  the  flow  in  the  central  region  of  the  .span  (outsitle  of  the  end  cells)  was  assumed 
to  be  ■  unaffected  '  by  the  ends,  but  when  L/l)  was  reduce<l  to  around  30.  the  end  cells 
merged,  causing  a  single  low  fretjuency  of  shedding  over  the  whole  spun.  .\n  earlier 
investigation  in  a  towing  tank,  by  Slaouti  &  (Jerranl  (1981).  showed  that  the  wake 
structure  could  be  influencx'd  by  the  end  conditions,  and  they  concluded  that 
slantwise  (oblique)  shedding  was  only  observed  when  coiulitions  at  one  end  were 
more  '<lominant'  than  the  other.  However,  their  results  were  from  observations 
using  a  cylinder  with  Lfl)  %  25  30.  which  is  within  the  range  where  (ierich  & 
Kckelmann  showed  that  the  end  cells  cover  the  whole  span.  The  question  therefore 
remains  as  to  whether  the  flow  out.side  of  the  end  cells,  for  larger  L/l).  is  indeed 
'unaffected'  by  the  end  conditions. 

It  is  clear  that  there  are  differences  in  the  measurements  of  frequency  and 
discontinuities  between  one  ex]:)eriment  and  another,  and  it  is  also  evident  that  there 
are  differences  in  the  shedding  angles  betwwn  experiments.  It  might  then  be 
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suggested  that  these  eharaeteristies  of  the  flow  art'  related  to  each  other.  The  present 
paper  will  show  that  there  is  a  direct  relation  between  the  frequency  measurements 
and  the  phenomenon  of  oblique  vortex  shedding,  and  also  that  both  are  influenced 
by  the  conditions  at  the  ends  of  the  cylinder.  One  of  the  fundamental  results  of  the 
present  work  is  that,  even  for  large  spans,  the  end  boundary  conditions  (or  end  cells) 
are  able  to  affect  the  flow  over  the  whole  span,  even  outside  of  the  end  cells.  It  is  also 
found  that  the  presence  of  oblique  shedding  dm's  not  require  a  difference  in  the  two 
end  conditions. 

1'he  present  paper  originated  from  some  other  work  for  which  a  simple  and  rapid 
measurement  of  the  Strouhal  fre<iuencies  in  the  laminar  regime  was  antici])ated.  It 
was  very  soon  found  that  the  flow  around  the  cylinder  was  sensitive  to  a  number  of 
features  of  the  experimental  arrangc'ment.  A  great  deal  of  can'  was  taken  to  damj)en 
(and  monitor)  any  cylinder  vibration,  and  to  cheek  the  flow  uniformity  and 
turbulencf'  level  of  a  small  wind  tunnel  in  which  the  cylinder  was  placed.  Despite 
the.se  efforts,  it  became  apparent  that  a  Strouhal  di.seontinuity  near  Jie  =  64 
remained.  Not  only  was  this  discontinuity  rejx'atable  on  several  occasions  (even  after 
an  eartlKpiake  had  broken  the  original  cylinder  and  hot  wire),  but  three  cylinders  of 
different  diameters  all  produced  a  similar  discontinuity  at  the  same  Reynolds 
number.  It  was  because  of  these  observations  that  the  pre.sent  study  was  carried  out. 

In  a  recent  letter  (Williamson  198Hf/).  some  prt'liminary  results  from  the  present 
•study  were  outlined.  In  particular,  a  link  between  the  Strouhal  discontinuity  and  a 
transition  between  two  oblicjue  vortex  shedding  modes  svas  made.  It  was  further 
.shown  that,  by  manipulating  the  eiul  conditions  to  cau.se  paralk'l  shedding,  a  single 
continuous  Strouhal  curve  could  be  found.  In  the  present  paper,  the  preliminary 
results  me  itioned  above  are  included  with  many  further  results  in  detail,  to  present 
a  comprehensive  picture  of  the  laminar  vortex  shedding  modes  behind  a  cylimh'r  at 
low  Reynolds  numbers. 

During  the  course  of  the  pre.sent  researc-h.  it  was  learned  the.!  H  Kisc'niohr  and 
H.  Eckelmann  (1988.  private  communication)  were  undertaking  a  similar  line  of 
re.search.  which  has  since  appeared  (Eisc'idohr  &  Eckc  lman  1989).  Tlu'v  recognized, 
as  found  in  the  f)resent  paper,  that  the  |)henornenon  of  oblicpie  shedding  was 
influenced  by  the  end  conditions  for  l<mg  cylinders.  They  also  showed  that  parallel 
shedding  could  be  induced  by  a  suitable  change  of  end  conditions.  'I’heir  n'sults  are 
referred  to  further  in  this  paix'r.  and  it  is  found  that  there  is  substantial  agreement 
betwet'ii  their  results  and  some  of  the  presj'iit  work  (and  also  with  Williamson 
1988u). 

In  S3.1  evidence  is  presentc'd  to  show  that  the  Strouhal  discontinuity  is  not  causc'd 
by  cylinder  vibrations.  Further  investigation  shows  that  f he  <liscontinuity  is  not  due 
to  any  of  the  many  previously  propos'd  me<'hanisms.  Instead,  measurements  and 
observations  discussed  in  show  the  cause  of  the  discontinuity  as  being  a 

transition  from  one  mode  of  oblique  vortex  shedding  fo  another  oblique  mode.  One 
of  the  modes  (at  the  lower  Reynolds  numbers)  corresponds  with  the  ()resence  of 
spanwise  cells  of  difl'erent  frequency.  The.s«'  cells  should  not  be  confused  with  the 
small  low-fn'quency  cell.s  found  clos*'  to  the  ends  of  the  cylinder  that  were 
investigated  by  Oerich  &  Eckelmann.  and  which  were  also  found  in  the  present  study 
at  all  values  of  th«-  Reynolds  number  where  vortex  shedding  oecurn'd.  The  physical 
mechanisms  for  the  oblique  modes  of  .shedding,  and  also  for  an  induced  parallel 
mode,  are  diseu.ssi'd  in  §.3. .3.  Each  mode  is  caused  by  a  ‘matching'  of  the  flow  over 
the  whole  span  with  the  end  boundary  conditions,  and  it  is  by  adjusting  the  end 
conditions  that  i>arallel  shedding  can  be  induced  to  occur.  In  §4  a  new  parallel- 
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shedding  Strouhal  curve  is  defined  which  is  completely  continuous.  It  is  also  possible 
to  transform  the  oblique-shedding  Strouhal  curves  onto  the  continuous  parallel- 
shedding  curve,  using  the  measured  oblique  angles  of  shedding.  In  §5  it  is  shown  that 
Tritton's  Strouhal  discontinuity  is  consistent  with  the  one  found  here,  and  also  an 
explanation  for  the  cause  of  the  discontinuity  is  put  forward.  It  is  in  essence,  a 
breakdown  in  the  'matching'  between  the  end  boundary  conditions  and  the  How  over 
the  rest  of  the  span.  In  the  east'  of  the  oblique  vortex  shedding,  it  is  found  that 
vortex  dislocations  '  occur  between  the  spanwise  cells  (at  a  beating  frequency)  when 
the  vortices  of  each  cell  are  periodically  out  of  phase,  and  these  are  dcseribetl  in  §6. 
A  discussion  and  conclusions  are  given  in  §§'  and  8  respectively. 

2.  Experimental  details 

Measurements  of  velocity  fluctuations  were  made  with  a  miniature  hot  wire 
situated  in  the  wake  of  three  different  cylinders  (of  diameters  ().t)51. 0.061 . 0.104  cm.) 
in  a  6  in.  diameter  circular  test  section  of  an  open-jet  wind  tunnel.  (Downstream  of 
the  2  ft  long  test  section,  the  air  is  ex|K'lled  into  the  atmos])her(‘.)  The  test  cylindc'rs 
(actually  wires)  were  placed  across  a  diameter  at  a  position  about  16  in.  upstream  of 
the  end  of  the  test  section.  The  turbulence  level  was  close  to  O.lVo.  with  How 
uniformity  better  than  0.3%.  A  good  deal  of  effort  was  taken  to  isolate  the  cylinders 
from  the  tunnel,  and  to  damp  out  any  cylinder  vibrations.  Each  cylinder  was  j)assed 
through  small  holes  in  the  test  section,  and  clamped  between  felt  pads  to  a  tensioning 
structure  outside  of.  and  mechanically  separate  from,  the  test  section.  In  addition, 
each  cylinder  was  encased  in  fine-grained  polystyrene  foam  blocks  outsidt>  the  test 
section  (but  again  not  in  contact  with  the  test  section).  Also,  the  |)latform.  which  held 
the  wind  tunnel  fan.  was  isolated  from  any  mechanical  contact  with  the  settling 
chand)(‘r  and  test  section.  In  order  to  monitor  any  po.ssible  cylinder  vibration  an 
inexpensive  photodiode  arrangement  was  set  up.  which  had  a  high  sensitivity  of 
(t.3  m\'  output  per  10  ®  in.  displacement  of  the  cylinder. 

The  obli(|ue  attgles  of  vortex  shedding  (0)  were  measureil  with  use  of  two  hot  wires, 
one  of  which  could  be  traver.sed  the  whole  .;pan  of  the  wak(>.  while  the  other  could 
be  traversed  upstream  downstream.  In  order  to  measure  0.  both  wires  were 
disp!ace<I  at  measurc'd  distances  from  each  other,  whilst  ki'eping  the  ))hase  relation 
bidwecn  the  two  sigtials  constant  (by  retaining  a  particular  '  Li.ssajou  '  shape  on  a 
Xicolet  oscillo.scopc).  and  the  obliijue  angle  was  then  deduced  from  simj)le  geometry. 
.Measurements  of  frecpiency  and  oblique  angle  were  made  from  M)  diameters  (and 
more)  downstream  of  the  cylinder  axis. 

The  out|)Uts  from  the  hot  wires  and  the  'vibration  detector'  were  fed  into  a  Hl’- 
3582A  two-channel  s[)ectrum  analyser.  Besides  being  u.sed  to  measure  the  Strouhal 
fretjuencies,  the  analyser  could  compare  the  signals  from  the  two  hot  wires  when  they 
were  placed  at  different  spanwise  positions.  At  other  times,  the  spectrum  of  the 
vibration  det<-ctor  could  be  compared  with  that  of  the  wake  velocity  Huctuations. 

Flow  visualization  and  further  fre<juency  measurements  wen'  conducted  in  our  new 
X-V  Towing  Tank  at  the  (lra<luate  Aeronautical  Laboratories.  This  towing  tank 
ofX‘rat<'s  much  like  a  computer  X-V  plotter,  and  can  im|)art  arbitrary  unsteady 
trajectories  to  bodif's  which  are  towed  within  the  Huid  in  the  glass  tank  (of  length 
Id  ft.  and  cross-.section  3.5  ft.  by  3.5  ft.).  (VliiKh-rsof diameter 0.328  cm  and  0.657  cm 
were  towed  horizontally  along  the  length  of  the  tank,  and  the  shed  vorticity  was 
visualized  using  laser  light  which  excited  fluon'seein  dye  washed  off  the  surface  of  the 
cylin<lers.  Frequency  measurements  wen*  umlertaken  with  the  use  of  a  video  system 
that  ha<l  an  inc()r|)orated  timer  unit. 
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3.  Experimental  results 

11.1  Proof  that  the  present  Strouhal  discontinuity  is  not  caused  hy  cylinder  vibrations 
In  the  present  measurements  it  was  eJear  that,  for  the  re<(uire{l  aeeuracv.  reliable 
temperature  and  pressure  readings  in  the  laboratory  were  necessary,  but  also  the 
Pitot  tube  (used  to  measure  free-stream  velocity)  had  to  be  checked  often.  On  top  of 
such  basic  considerations  it  was  found  that  two  features  of  the  experimental  set-up 
needed  specific  attention. 

First,  it  was  found  that  without  the  use  of  endplates  to  'shield'  the  span  of  the 
cylinder  from  the  boundary  layer  along  the  test-section  walls,  the  Strouhal  frequency 
measurements  were  .somewhat  unrepeatable,  and  under  some  cf»tiditions  there 
appeared  spectra  with  peaks  at  more  than  one  frequency.  It  was  felt  that  this  could 
possibh'  have  been  related  to  spanwi.se  cells  of  different  fi-ecjui-my  (similar  to  those 
described  by  (taster  107 1 )  that  were  somehow  influenced  by  the  end  conditions  of  the 
wall  boundary  layers.  Therefore.  endi)lates  (circular  disks)  were  placed  at  two  points 
along  the  cylinder  span.  Length-to-diameter  ratios  (L/D)  of  between  90  and  240  were 
geiu'rally  used,  while  disk  diameter  to  cylinder  diameter  ratios  of  between  10  to  30 
wer(>  u.sf'd.  The  u.se  of  endplates  dramatically  improved  the  repeatability  of  the 
Strouhal  measurements,  and  served  as  an  early  demonstration  of  the  importance  of 
the  end  conditions  on  the  How  across  even  large  spans. 

St'condly.  it  is  clear  that  there*  exists  the  po.ssibility  that  How-indiice'd  cylinder 
vibration  could  interfere*  veith  the*  wake*  feermatiem  and  the*  irvqiH'nfy  i>f  vortex 
she*deling.  Te)  e*liminate*  seie*h  inte*rfe*re'n(*e.  pains  we*re*  take*n  to  elam))e*n  the*  e*lampe>d 
e*/iels  of  the*  e*ylinde*rs.  anel  alse)  tee  meeniieer  j)e>ssible*  vibratie)n  using  the  vibration 
de*te*e*tor  that  was  ele*se*ribe*el  e*arlie*r.  With  sue*h  e*are  eever  the*  se*t-u))  it  was  possible*  te) 
me*iisure*  fre*eiue*ne'ie*s  with  high  re*pe*atability ;  the  re*sulting  elata  are  shown  in  figure 
l(e/).  It  shoulel  first  be*  pe)inte*el  eiut  that  the*  Stremhal  e*urve*  has  a  dise*ontinuify  at 
Pe  5:  ISO.  which  has  l)e*e*n  sheiwn  (Williamseui  I08H5)  te)  be*  eau.s(*el  by  a  transition  to 
thre*e'-eiirU(*nsioiiality  in  file*  wake*,  involving  the*  ap|M*arane*e*  of  vortex  ie)e)])s  anel  alse) 
sfre*ani wi.se*  vortice*.s.  This  marks  the*  e*nel  e)f  the*  laminar  re*gime*.  anel  the*  be*ginning  e)f 
a  transitie)!!  te)  w  hat  He)shke)  (l!)54)  ele>.se*rib<>el  as  the*  'irre*gular'  le'gime  starting  at 
iireeunel  He  %  300. 

The*  Streeuhal  discontinuity  that  is  eef  e*e*ntral  rele*vane*e  in  the*  prese*nt  steieiv  e*an  be* 
se*e*n  in  figure*  I  (a)  at  He  =  (14.  whe*re*  the*  e-urve*  ele*ne)te*el  by/,  be*e))me*s  e)ve*rlappe*ei  by 
aneethe*!*  e*urve*  ele*ne)te*el  /,  .  as  He  is  rodiirrd.  Sotv  that  (in  the*  re*gie)n  eef  eeverlaj)). 
subscript  L  re*f)*rs  te)  the*  le)we*r  fre*e)ue*ne*y  e*urve>.  anel  subse*rij)t  I’  re*fe*rs  te)  the*  upper 
e*urve*.  (The*  e*urve>  e)f  free|eie*ne*ie*s /,.  are*  theese*  feeiinel  in  a  small  e*e*ll  e)f  leewer  fre*eiuene'y 
eenly  iiie*asure*el  ne*ar  the*  )*nelplate*s.)  Having  feeunel  the*  elise*e)ntinuity  at  He  =  04  feer 
e)ne*  e*ylinele*r.  eene*  might  sus|)e*e*t  that  e*ylinele*r  vibratieens  ai*e*  inveelveel.  Heewe'ver.  if 
this  we*re*  the*  e*ase*.  eene*  weeulel  e*xpe*e*t  eether  similar  elise-euitineiities  to  show  u[)  at  other 
value*s  of  He  (e*))rre*spe)neling  tee  harme)ni<*s  of  the*  e*ylinele*r  lree|Ue*ne*y).  whie*h  ele)e*s  neet 
ovctir.  .Also,  tue)  other  e*ylinele*r.s  e)f  diffe*re*nf  eliame*ler  beeth  j)re)el\ie*e*  a  elise*e)ntinuity 
at  the*  .same  He  =  (54  as  the*  eeriginal  e*ylinele*r,  anel  this  sugge'sts  that  e*ylinele*r 
vibratieens  are*  ne)t  inve)lve*el.  Allie*el  te)  this  fae*t.  the*  Streeuhal  elata  e*le)se*  te)  the* 
elise*e)ntinuity  (anel  alse)  away  fre)m  the*  eli.se-eentinuity)  we*re*  unaffe*e*teel  by  e*hange*s  in 
e*ylinele*r  tensie)n.  whie*h  weeulel  e*le*arly  ne)t  be*  the*  e*jise  if  e  ylinele*r  vibratieens  were* 
inve)lve*ei. 

As  a  furtheT  de*rne)nstratie)n  that  e*ylinele*r  vibratieens  de)  ne)t  e*ause*  the  elise*e)ntinuity. 
it  was  el)*e*ieJe*el  te)  stuely  simultane*e)usly  (he*  wake  anel  vibratieen  spe*e*tra  as  He  was 
ele*e*re*ase*el  threeugh  the*  elise'eentinuity  at  He  =  (54.  The  funelanu*ntal  anel  the*  first 
harmonic  of  the*  e*ylinele*r  nateiral  fix*<)ii<*tie*y  we*re*  un*ange*d  se)  that  the*y  sf raelelle*el. 
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Fioi'RK  1.  Stroiihal  luimlxTH  and  aheddiiiK  angles  a.s  a  function  of  Kcvnolds  mindicr.  {a) 

Stroiihal  numbers  S  versus  Reynolds  numbers  Hr  for  three  ilifferent  cylinders:  O-  diameter  = 
0,104  cm  {L/[)=  140):  9.  diameter  =  0.001  cm  ( /y//>  =  2tt0) :  +,  diameter  =  O.Ofit  cm  {L/l)  = 
240).  (fc)  Absolute  value  of  oblique  sheildinK  angle  \0\  in  degre<>s.  versus  Hr.  Q  is  for  —0.%  is  for 
+  0.  Measurements  are  from  the  0,104  cm  cylinder.  L/lt  =  123.  L  =  cylinder  length.  />  =  cylinder 
diameter. 
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Kiiu  kk  2,  Ciimparisoii  iifvihraticiii  .M|KM  tni  and  \vak<*  Vflm  jty  s|H‘<-lra.  Tin- da-sliccl  vertical  lines  are 
the  natural  frerniettev  and  first  harinimie  nf  the  (dani|H'd)  eyiiniler.  Note  the  dramatic  chanp'  in 
wake  spectriirii  as  He  is  tvdiiced.  h  hicli  is  not  refle<  te<l  hy  sni  h  a  clianne  iti  tlie  vihration  spectrum, 
(o)  Vihration  sjieetra  without  How;  (h)  s[iectra  above  diseontimiity.  He  =  7(1,  =  ().l4(M)./=  140.4 

Hz  .  (r)  spectra  below  <liscotititiuity .  He  =  H2  ii,  N  =  0.  liMT,  /  =  1 17.2  Hz. 


anti  were  far  from,  the  vortex  frequency  eorresjtondinfj  to  the  diseontiiiuity.  (The 
natural  fretjueney  wa.s  determined  by  plueking  the  damped  cylinder  and  noting  the 
broad  peak  of  the  spectrum.)  The.se  natural  fretjueneies  (at  84  Hz  and  168  Hz)  art' 
shown  by  tbe  vertical  dashed  lines  in  figure  2.  In  figurt*  2{a)  the  vibration  spectrum 
is  shown  without  the  tunnel  motor  on  (at  the  top).  With  the  tunnel  motor  running 
but  without  any  How  in  the  tunnel,  small  [teaks  in  the  vibration  s[)eetrum  (the  lower 
s|)eetrum  in  a)  can  be  seen,  and  their  origin  was  found  to  b('  attributable  to  natural 
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fri'(iu(‘ii(  i('s  of  th('  striictutT  holding  the  vibration  monitor.  'I’he  main  re.'<ult  of  figure 
2  is  found  in  jjarts  {h)  and  (e).  Here  the  wake  and  vibration  spectra  are  shown  at 
/fc  =  7(f  1.  above  the  discontinuity  (when  the  shetiding  fre<juency  corresponds  with 
the  <urve/,  in  figure  If/),  and  also  at  /fc  ==  (!2.3.  below  the  discontinuity  (when  the 
shedding  f/'ctpiencv  of  the  central  span  corresi/onds  with  the  curve  Despite 
obvious  changes  in  the  form  of  the  wake  spectra  above  and  below  the  fliscontiiuiity 
between  figures  2(6)  and  2(r).  the  vibration  spectrum  nunains  css/uitially  unaltered 
ami  similar  to  that  measured  when  there  was  n(»  fiow  in  the  tunnel  at  all.  (An 
e.\()la!iation  of  why  the  wake  spectrum  changes  from  single-])eakcd  to  multiple- 
peaked  will  be  given  in  §3.2  below.)  The'  above  observations,  combined  with  the  fact 
that  the  cylindc'r  natural  fre((uencies  are  obviously  not  involved,  clearly  shows  that 
How-induced  cylindiu'  vibrations  are  not  causing  the  Strouhal  discontinuity. 

(liven  that  the  Stioidial  discontinuity  is  not  caused  by  How-induced  vibration,  it 
.seenied  likely  that  some  three-dimensional  aspect  of  the  How  was  rcsjxmsible  for  its 
appc'arancc.  For  this  reason,  two  hot  wires  Wf're  then  used  to  study  the  How  ovi'r  the 
whole  span,  and  to  measure  oi)li(pie  angles  of  shedding,  and  these  results  arc 
described  below  . 

3.2  und  ohsi  rnitioH-i  of  ohliqin-  rorli-.r  xlii-ddi ii(/  niodix 

In  this  section  it  will  be  shown  that  the  Strouhal  discontinuity  at  /(c  =  (>4  is  caused 
by  a  change  from  one  mode  of  oblicpic  vorte.x  shedding  to  fuiothcr  oblicjuc  mode,  and 
is  not  due  either  to  non-uniform  How  conditions  or.  as  was  idready  found,  to  How  • 
induccfl  vibrations. 

In  Hgure  I.  we  can  see  ii!imediately  that  the  Strouhal  discontinuity  in  Hgurc  1  (u) 
is  mirrored  by  a  discontinuous  drof)  in  the  oblicpic  shedding  angle  in  Hgurc  I  (6).  .\s 
l{(‘  is  decreased,  the  oblicpic  angle'  0  inc'i'C'ases.  until  there'  is  .some'  form  of  '  brc'akclow  ii ' 
to  a  cliHc'i'C'iit  mode  of  shc'dding.  'I'hc'  kc'y  to  this  brc'akdow  n  was  found  by  travc'rsing 
a  hot  wire  across  tlu'  complc'tc'  span  of  the'  cylindc'r  w/ikc'.  For  Hr  .ibovc'  the' 
discontinuity,  a  single'  frc'epie'ncy  f^  was  found  ac'ro.ss  the'  whole'  span  eis  shown 
sche'inatie'idly  in  Hgurc  3(f/).  with  the'  c'.xce'ption  of  snmll  rc'gions  lU'jir  the'  ends  of  the' 
cylinelc'i'  wlu'ie'  the'  lowe'r-fre'epie'ne'V  e'e'lls  (at  fre'epie'iie'y /,.  in  Hgure'  I )  are'  found.  In  this 
range'  of  AV.  the  vortc'x  conHguration  take's  on  the'  ap))e'arance'  of  ei  ■che'vron  '  shape'el 
patte'in.  Howe've'r.  at  /A  be'low  the'  elise'ontinuity.  ei  e'e'iitrjil  cc'll  of  fri'cpie'ncy  /', 
(e-orre'sponeling  with  the'  uppe'r  Strouhal  curve)  apj/e'ars.  which  is  '  sjuieiw  iclu'd ' 
be'twe'C'n  two  cc'lls  of  the'  lowc'r  fre'epie'iie'y  /,  (from  the'  lower  Strouhal  c'urve').  This  is 
ele'picte'd  in  the'  sclu'iniitie'  of  Hgure'  3(6)  Ow  ing  to  the'  spanw  isc'  c'c'lls.  both  the'  iipjie'r 
fre'epie'iicy  /,  and  the'  lowe'r  fre'epie'iie'y  /,  can  be'  elete'e'te'd  simultane'eiusly  w  ith  a  hot 
wire  iit  a  typical  [loint  in  the'  wake'  of  the'  e'vlineie'r.  The'  above'  observatiems 
corrc'spond  in  figure'  1(//)  w  ith  an  ove'i'lap  of  e'urve's  /,  and  /,  tlmt  I'.xte'nds  from 
Hr  =  (i4  down  to  Hr  ^  Thi.  We'  ean  e-one-liiele'  from  the'  above'  that  the'  Strouhal 
discontinuity  is  the'  re'sult  of  some*  e'hange'  in  the'  meiele'  by  whic'h  obliepie*  vortiei’s  are 
she'd. 

.A  flirt hc'i'  invi'stigation  was  maeli'  to  stiiely  the'  e'ffei't  of  the'  cylineli'r  li'iigth/ 
diami'ti'i'  ratio,  or  L/D.  on  the'  inHiieiie'e  that  the'  e-nel  c'clls  of  low  fre'epie'iie'y  have 
on  the  Heiw  ove'f  the'  re'st  of  the  span.  The  details  of  this  study  are  outline'll  in  the 
Appe'iidix.  In  this  c'ase.  the  He'vnolds  number  was  Hxe'il  at  a  value  of  101 .0.  above  the 
elise'ontinuity.  It  is  e'oncliiele'd  that  the*  enel  e-iinelitions  direi'tly  iiiHueiu'e  an  enel-e'cll 
ri'gion  of  the'  orde'r  of  10  eliame*te'rs  in  spanlength.  For  A//>  <  28.  the  enel  I'clls  merge 
toge'thi'r.  e'ove'ring  the'  whole  sjian  anel  causing  the*  vortii'i's  to  sheei  at  only  one 
fre'epie'iicy  /,..  ('Phis  is  I'oiisiste'iif  with  the  results  of  (le'rii'h  1080.)  The  How  over  the 


I'liii  KK  It.  Tilt’  two  vortfx  shfdtlind  mixlt’w.  («)  IVriiMlio'  i)hli(|ui’  .slit'ddinjj  modo  (for 

Hi  =  (>4  ITS),  with  (I  ihcvroii-shaix’d  olili(|ii<‘  vortex  pattern.  Aside  from  the  endplate  eells  at 
freinieni  v/,,.  there  is  a  siiiftle  fell  of  freipieney /,  over  the  whole  sjian.  w  ith  |H’riodie  wake  .sjH'etra. 
(/<)  Quasi-iH  riodie'  ohlitpie  mode  (/ft- <  (W).  A  eentral  cell  of  hijther  fretjueney  /,  (and  lower 
sbeddin){  anjjle)  apjiears.  pushing  to  eaeh  side  the  cell  of  fretpieney /, .  This  mode  has  ()uaai-i>eri(Kiie 
wake  s|x‘etra. 
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Kii;i  kk  4,  Wilke  veloeity  .s|ieetra.  In  {a)  Hi  =  120.2,  S  =  0.1701.  D  =  O.Otil  cni..  I./I>  =  2(Kl.  In  (0). 
for  the  .■iliarp  s|)eetnnn  (laniinai-  vorte.x  .sheihliii}')  He  =  172.8.  .S'  =  0.1840.  /=  llJOo  Hz;  for  the 
hroad  speetruni  (vortex  sheiUlini'  involviiif!  three-dimensional  transition);  He  =  172.8.  .S  =  0.1802. 
/=  1277  Hz. 

whole  .sjian  is  then  directly  iiiHueneed  by  the  end  conditions.  For  L/1)  >  28.  however, 
the  central  cell  of  frequency appears  in  the  central  region  of  the  span,  and  it  is 
found  that  this  fretpiency  is  unaffected  by  a  variation  of  L/l).  X’elocity  fluctuations 
at  the  end  cell  frequency /p  can  still  Iw  felt  by  a  centrally  placed  hot  wire  for  LID  up 
to  about  45.  thereafter  the  spectra  remain  unchanged  as  Ij/D  is  further  increa.sed. 
This  suggests  that,  for  Ij/D  >  45.  the  vortex  shedding  in  the  central  regions  of  the 
sjian  at  frequency/,  is  unaffected  by  the  dirrrt  inHuenee  from  the  end  conditions. 

In  order  to  characterize  the  oblique  modes  that  were  shown  in  figure  3  in  more 
detail,  we  shall  see  how  the  character  of  the  s|)ectrum  changes  at  different  points 
along  the  Strouhal  (;urve  (i.e.  at  different  Re),  and  also  at  different  spanwise  positions 
for  a  given  Re.  In  the  cas«'  of  the  shedding  mode  at  Re  above  the  discontinuity,  (i.e. 
for  Re  between  64  and  178),  the  s|H“ctra  an-  pt'riodic.  corresponding  to  a  single 
shedding  frequency as  shown  typically  in  figure  4(fl)  for  Re  =  120,2.  In  figure  4(6) 
a  similarly  sharp  spectrum  at  Re  =  172.8  is  shown,  along  with  another  spectrum  w  ith 
a  mu(;h  bn)ader  jx'ak  at  a  lower  frecjnent-y.  but  at  the  same  Re.  This  corresj)onds  with 


592 


('.  H.  K.  Williamson 


a  hysteretic  transition  to  three-dimensionality  in  the  wake,  and  is  discussed  in 
Williamson  (19886).  Of  primary  interest  in  the  present  problem  is  the  way  in  which 
the  spectrum  dramatically  changes  its  form  as  Re  is  reduced  below  the  discontinuity, 
and  also  how  the  spectra  vary  along  the  cylinder  span. 

At  a  Reynolds  number  of  59.7  (which  is  below  the  discontinuity),  in  figure  5.  the 
spectra  measured  at  different  distanc*es  away  from  the  endplate  are  shown  on  the  left, 
with  corresponding  time  traces  of  the  velocity  fluctuations  on  the  right.  In  (a),  when 
the  hot  wire  is  placed  36  diameters  from  the  endplate  (zjl)  =  36),  the  spectrum  shows 
multiple  peaks,  although  each  one  of  them  can  be  attributed  to  combinations  of  the 
two  frequencies  fy-  and  /l.  This  is  typical  of  the  quasi-periodic  spectra  that  are 
associated  with  the  spanwise  cells  of  different  frequency.  As  we  reduce  z/D  in  (6)  and 
(r),  so  the  energy  at  the  frequency/,,  is  reduced  while  the  frequency takes  over.  In 
this  ease  we  are  moving  from  a  cell  of  frequency  /,,  into  a  cell  of  frequency  The 
time  trace  in  (b)  shows  a  low-frequency  modulation  corresponding  with  the  beat 
frequency  (/,.-/l)-  The  quasi-periodic  spectrum  in  (c)  is  particularly  interesting  as  it 
shows  three  incommensurate  frequencies  /ii./l. /e-  however  the  spectrum  remains 
‘ordered '  in  that  all  the  peaks  are  related  to  combinations  of  these  three  frequencies. 
In  this  spectrum  most  of  the  energy  is  at  the  cell  frequency  with  some  effect  being 
‘felt '  from  the  frequency  of  the  cell  in  the  central  span/i  on  fhe  one  side,  and  from 
the  end-eell  frequency  /e  on  other  side.  (Again,  note  the  low-frequency 
modulations  in  the  time  trace  (r)  corresponding  with  the  two  diffenuit  beat 
frequencies.)  Moving  closer  to  the  endplate  at  around  z/D  =  10  in  (d).  the  energy  at 
the  frequency Zo  becomes  comparable  with  the  energy  for  frequency /l-  «nd  the  time 
trace  shows  a  modulation  at  the  beat  frt'quency  Still  further  towards  the 

endplate,  at  z/D  =  5.2  in  (e).  most  of  the  energy  is  now  at  the  frecpiency  Z^-  as  shown 
in  the  sjx'ctrum  and  the  time  trace,  and  we  are  now  within  the  low-fre(juency  cell 
adjacent  to  the  (‘ndplate.  The  end  cells  of  low  frequency /p  ext(‘nd  inwards  around 
lOD  from  each  end.  while  the  cells  of  frequency /i,  e.xtend  inward  about  2')D.  The 
picture  above  of  how  the  sfx'ctra  and  time  traces  vary  with  spanwise  location  is 
similar  for  each  end  of  the  cylinder  span,  and  led  to  the  schematic  diagram  of  the 
different  frequency  cells  that  was  shown  in  figure  3(6). 

It  should  be  noted  that  this  lower  fre(|uencyZe  ''<>1  the  result  of  an  interaction 
of  the  cylinder  wake  near  the  ends  of  the  span  with  the  wake  behind  the  endplate 
disks.  This  was  proven  by  changing  the  <limensions  of  the  disk  and  then'by  its  own 
wake,  with  the  addition  of  .strif)s  of  putty,  while  having  no  effect  on  the  frccjuency 
or  velocity  spectra  in  the  end-cell  region  near  the  cylinder. 

Visualization  of  these  different  modes  of  obli(|ue  vorte.x  shedding,  found  for  Re 
above  the  below  the  discontinuity,  are  shown  in  figun*  6  taken  from  the  X-^'  towing 
tank.  An  example  of  the  mode  of  shedding  that  is  found  for  Re  above  the  Strouhal 
discontinuity  is  shown  in  figure  6(«).  In  this  figure,  the  How  is  uj)wards  past  the 
horizontal  cylinder  which  lies  at  the  bottom  of  the  photograph.  Here,  the  obliijue 
vortices  are  rea.sonably  straight  over  one  half  of  the  span  at  a  positive  shedding  angle 
+  ff.  and  again  straight  over  the  other  half  of  the  span  but  now  with  a  negative  angle 
—  ff.  HO  that  a  bend  occurs  in  the  middle  of  the  span,  giving  the  'chevron  -shaped 
pattern  of  oblique  vortices.  At  the  ends  can  be  .st*en  vortex  structures  which  occur  at 
the  beat  frequency  (/l— Ze)  between  the  central  cell  of  frequency /i,  and  the  endplate 
cell  of  frequency  Ze-  The  changeover  of  shedding  modes  in  the  case  of  the  towing  tank 
was  found  at  a  value  of  Re  c  lose  to  75.  slightly  higher  than  in  the  tunnel. 

In  figure  6(6),  the  mode  of  shc'dding  below  the  discontinuity  (at  Re  =  60)  is  one 
where  the  central  cell  frequency /e  'a  .sandwiched  Indwi'en  cells  of  frequency /i,-  I'l 
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(b) 


FmcRK  a.  V’lHualization  of  the  different  modea  of  laminar  vortex  ah<‘ddin^.  Flow  ia  iipwarda.  («) 
The  |)eri<Mlif  oblique  ahedding  mcxle  ('urrea|K)nding  with  the  chevron-ahaiH-d  pattern  of  oblique 
vortieea.  at  Ite  =  85  (He  above  the  diaeontinuity).  L/D  =  14(1.  (ft)  yuaai-|«Ti<Klie  oblique  alualding 
mode,  with  apanwiar-  eella  of  different  ahedding  frequeney,  at  Hr  =  ISO  [Hr  below  di.aeontinuity). 
LID  =  70. 
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this  ease,  the  cell  boundaries  lie  very  roughly  (in  the  mean)  along  vertical  lines,  like 
the  sketch  in  figure  3(6).  Along  such  cell  boundaries  are  found  ‘vortex  dislocations', 
which  occur  at  the  beat  frequency  (/^  ~/l)>  and  are  the  result  of  vortices  in  one  cell 
moving  out  of  phase  with  vortices  in  a  neighbouring  cell  of  different  frequency. 
(These  are  described  in  detail  in  §6.)  One  of  these  vortex  dislocations  can  be  seen  in 
the  right  half  of  figure  6(6),  developing  in  the  near  wake  of  the  cylinder.  An  earlier 
dislocation  that  occurred  on  the  left  can  be  seen  downstream  and  almost  out  of  view. 
(At  these  low  Reynolds  numbers,  the  end  cells  of  lower  frequency are  more  difficult 
to  observe,  as  the  strength  of  their  fluctuations  in  this  region  becomes  relatively  weak 
compared  with  those  over  the  rest  of  the  span.  This  can  also  be  seen  from  the  time 
traces  of  figure  5.)  The  wake  over  the  central  span  in  figure  6(a)  is  a  steady 
configuration,  unlike  that  in  (6),  and  gives  the  periodic  spectra  shown  typically  in 
figure  4,  rather  than  the  quasi-periodie  spectra  shown  typically  in  figure  5. 

It  may  be  thought  that  the  existence  of  flow  non-uniformity  could  cause  the 
breakdown  from  one  oblique  shedding  mode  to  the  other.  This  is  a  distinct  possibility 
if  a  large  degree  of  non-uniformity  were  present,  although  in  the  present  case  the  test- 
section  uniformity  was  better  than  0.3%  over  a  range  of  tunnel  speeds.  Further 
evidence  to  show  that  non-uniformities  are  not  involved  here  is  found  in  the  plot  of 
oblique  shedding  angles  d  versus  Re  in  figure  1(6).  Here  both  +6  and  —6  could  be 
measured  at  the  same  Re  whereas  we  would  expect  only  one  sign  of  6  if  non- 
uniformity  were  the  cause.  The  final  confirmation  comes  from  the  visualization  in 
figure  6  where  for  example  in  (a),  a  positive  and  negative  oblique  angle  occurs  on  each 
half  of  the  span,  i.e.  the  chevron  -shaped  pattern  is  symmetric  with  respc'ct  to  the 
centre  span,  and  is  not  due  to  some  shear  in  the  incident  flow.  In  the  latter  example, 
the  flow  incident  on  the  cylinder  is  likely  to  be  particularly  uniform,  given  that  the 
cylinder  is  towed  through  the  quiescent  fluid  (unlike  the  situation  in  the  wind 
tunnel).  Also,  the  transition  of  oblique  shedding  modes  occurs  in  the  towing  tank  just 
as  it  does  in  the  wind  tunnel  (although  at  a  slightly  higher  Re).  This  fact  coupled  with 
the  symmetry  about  the  centre  span  of  the  shedding  configuration  indicates  that 
oblique  shedding  and  the  breakdown  from  one  mode  to  another  is  not,  in  this  case, 
caused  by  flow  non-uniformities. 

We  can  now  conclude  that  the  Strouhal  discontinuity  is  caused  by  a  transition 
from  one  mode  of  oblique  shedding  to  another,  and  is  not  caused  by  either  cylinder 
vibration  or  by  flow  non-uniformites.  One  might  question  what  causes  the  transition 
of  shedding  modes?  The  answer  lies  in  the  ‘matching'  between  the  end  boundary 
conditions  with  the  flow  over  the  rest  of  the  span,  and  these  ideas  are  expanded  later 
in  §5.  In  the  following  section,  the  physical  mechanism  by  which  the  ends  impose  a 
certain  oblique  angle  on  the  whole  flow  is  explored. 

3.3  Physical  mechanism  of  oblique  and  parallel  shedding 
There  are  a  number  of  advantages  to  visualizing  the  wake  in  the  towing  tank,  one  of 
which  is  the  fact  that  the  cylinder  is  started  impulsively.  In  this  way.  one  can  see  how 
the  vortex  shedding  develops  as  the  cylinder  travels  away  from  its  starting  position. 
One  rather  basic  observation  is  that  the  ‘asymptotic  ’  form  of  the  wake  (which,  in  the 
present  case,  is  oblique  shedding)  takes  some  time  to  evolve.  Initially,  vortices  are 
shed  parallel  to  the  cylinder,  and  it  takes  time  for  the  end  boundary  condition  which 
impo.ses  a  certain  oblique  angle  on  the  flow,  to  make  itself  felt  across  the  whole  span. 
An  example  of  an  initial  and  final  vortex  configuration  from  a  single  run  can  be  seen 
in  figure  7.  In  (a),  the  wake  vortices  are  still  being  shed  parallel  to  the  cylinder  over 
most  of  the  span  after  1(X)  diameters  of  travel,  although  an  oblique  angle  of  shedding 


Fioi’re  7.  Development  of  an  oblique  shedding  mode  in  (6),  from  an  initially  parallel  shedding 
configuration  in  (n).  Flow  is  upwards.  In  (a)  the  cylinder  has  travelled  100  diameters  (.r//>  =  100). 
In  (6)  for  xjl)  —  600.  the  oblique  angle  has  propagated  inwards  from  the  ends,  and  now  covers  the 
whole  span  in  the  chevron-shaped  pattern.  Note  also  the  small  waves  on  the  vortices  in  (fc).  about 
60D  downstream  of  the  cylinder.  Re  =  05. 
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can  be  seen  near  the  ends.  In  (b),  after  600  diamettTs  of  travel,  the  ‘chevron  '-shaped 
oblique  vortex  pattern  has  taken  over  the  whole  span,  and  matches  the  oblique  angle 
imposed  by  the  end  conditions. 

The  observation  that  the  starting  ttow  involves  parallel  shedding  although  the 
asymptotic  flow  involves  oblique  shedding  (at  least  in  this  ease)  could  very  well 
explain  the  contrasting  observations  by  Hama  (1957)  and  Berger  (1964).  Hama  used 
a  towing  tank,  and  it  is  possible  that  he  made  his  observations  early  in  a  run  and 
therefore  noted  parallel  .shedding.  Berger,  on  the  other  hand,  used  a  wind  tunnel  and 
would  therefore  have  made  his  observations  on  a  wake  that  had  reached  its 
asymptotic  state ;  he  thus  noted  oblique  shedding.  This  explanation  assumes  that  the 
end  conditions  were  such  as  to  cause  a  final  state  of  oblique  shedding ;  this  will  occur 
with  most  usual  cylinder  arrangements.  However,  this  is  not  always  the  case,  as  will 
be  seen  at  the  end  of  this  section. 

Another  feature  of  figure  7  (b)  that  should  be  pointed  out  is  the  waviness  in  the 
vortices,  which  seems  to  be  amplified  at  around  60  diameters  downstream.  Each  of 
the.se  waves  originated  from  a  disturbance  created  by  one  of  the  vortex  dislocations 
(mentioned  earlier),  which  occurred  near  the  ends  of  the  cylinder.  These  waves  should 
not  bo  confused  with  those  that  travel  along  vortex  cores  (such  as  are  discussed  by 
.Aref  &  Flinchem  1984).  In  the  present  ea.se.  the  waves  appear  at  a  slightly  displaced 
spanwise  position  on  each  successive  vortex  to  be  shed,  and  do  not  seem  to  travel 
along  the  the  vortex  cores  as  these  vortices  are  convectetl  downstream.  What  is 
interesting  here  is  that  theses  disturbances  are  displaced,  by  the  process  of  vortex 
shedding,  inwards  along  the  span  from  the  ends.  It  seems  that  the  angle  of  the 
oblique  shedding  is  involved  in  the  translation  of  these  disturbances,  and  that  these 
disturbances  travel  in  a  spanwise  direction  which  depends  on  which  way  the  vortices 
are  oblique. 

It  was  decided  at  this  point  to  manipulate  the  end  conditions  to  see  whether 
obli((Ue  shedding  was  always  the  'final'  .state  across  the  whole  span.  It  was  soon 
discovered  that  by  angling  inwards  the  leading  edge  of  the  endplates  (of  10:1 
disk  cylinder  diameter  ratio)  .some  control  of  the  flow  over  the  whole  span  could  be 
exerted.  The  idea  of  using  angled  endplates  to  affect  the  flow  near  the  ends  was  first 
used  by  Ramberg  (1983)  in  the  ca.se  of  yawed  cylinders.  If  the  leading  edge  of  the 
endplates  were  angled  inwards  by  12°  or  gri'ater  (up  to  20°  was  investigated),  then 
parallel  shedding  was  induced  to  occur  near  the  ends,  which  caused  the  whole  span 
to  shed  parallel  vortices.  A  demonstration  of  this  'induced'  parallel  shedding  in 
figure  8.  (for  He  =  110  and  LjD  =  130).  can  be  contrasted  with  the  oblique 
configuration  in  figures  6  and  7.  It  was  also  confirmed  from  the  wind  tunnel  that, 
with  these  end  conditions,  such  parallel  shedding  was  the  'final'  state  of  the  wake. 

It  is  believed  that  the  [mrallel  shedding  is  also  two-dimensional,  in  the  sense  that 
the  flow  in  one  cross-section  of  the  wake  is  nqm'sentative  of  (and  in-phase  with)  the 
flow  in  all  cross-sections  at  other  spanwise  [M>sitions  (with  the  exception  of  the 
regions  clo.se  to  the  ends).  Al.so.  the  absence  of  axial  flow  in  the  vortices  was 
demonstrated  in  a  further  exf)eriment  by  showing  that  blobs  of  dye  placed  at  several 
.spanwise  locatic  is  were  subsequently  convected  straight  downstream  (in  planview), 
rather  than  Ix'ing  convected  with  a  spanwise  velocity  component.  VV'e  can  also  see  in 
figure  8  how  a  gap  in  the  dye  marking  the  vortices  (which  was  the  result  of  an  absence 
of  dye  at  this  particular  spanwise  location),  convects  straight  downstream. 

A  further  exfH-riment  was  conducted  in  the  X-Y  towing  tank,  which  showed  that 
as  the  angle  of  the  endplate  disks  a  (measun'd  positive  for  the  leading  edge  angled 
inwards)  was  varied  from  —  10°  to  1'2°,  so  the  angle  of  oblique  shedding  remained 


Vorlex  shedding  in  the  wake  of  a  circular  cylinder 


mi 


Fuii  KK  I’arall<‘l  vortex  shedding  mode,  induced  l)y  angling  inwards  the  leading  edges  of  the 
endplates  In-  around  12°.  or  more.  Flow  is  uj)wards.  Re  =  110.  L/l)  =  IIIO.  Distance  travelled  In- 
cylinder  =  (KKI/t. 


virtually  constant  at  14°  to  15°,  As  the  cndplate  angle  x  >  12°.  however,  the  oblique 
shedding  angle  changed  sharply  to  being  parallel  with  the  cylinder  a.xis. 

With  relevance  to  some  of  the  above  results.  Ei.senlohr  &  Eekelmann  (1989) 
induced  parallel  shedding  by  ending  their  cylinder  span  with  largi'r-diamett'r 
cylinders.  Their  explanation  for  this  was  that  the  larger  cylinder  introduced  an  end 
frequency  which  was  sufficiently  removed  from  the  central  flow  frequency  to  be 
decoupled  from  it.  The  present  situation  using  the  angled  plates  is  rather  different. 
.As  a  first  step  in  understanding  how-  the  end  <-onditions  can  control  the  span  flow-,  it 
is  of  use  to  ((uestion  why  an  end  cell  of  lower  frequency  can  ap])ear.  (lerich  k 
Eekelmann  suggested  that  the  lower  velocity  in  theendplate  boundary  layer  induced 
a  lower  frequency  up  clo.se  to  the  endplate.  who.se  influence  extended  over  a  span  of 
st’veral  diameters  by  a  'lock-in'  eff'ect.  However.  (Jerich  &  Eekelmann  al.so  found 
such  an  end  cell  of  lower  frecjuenev  to  occur  in  the  wake  of  a  fre«>-ended  cylinder, 
when  there  is  no  endplate  boundary  layer  pre.sent. 

In  this  investigation,  it  is  suggested  that  the  low-fn‘()ueney  end  c»‘ll  is  eau.sed  by 
the  base  pressure  being  higher  in  the  end  region.  Such  an  increase  in  pressure  could 
be  caused  by  the  decrease  in  the  coherence  of  the  vortex  shedding,  beeau.se  the 
vortices  in  the  end  region  iK'eome  orientated  in  the  .streamwi.se  direction  (see  figure 
24  later).  It  is  also  consi.stent  with  the  fact  that  very  similar  end  cells  are  found  for 
a  free-ende<i  eyliiuler  as  for  one  with  an  endplate  (as  mentioned  above),  and  in  the 
former  casr-  it  is  known  that  the  pressure  is  higher  in  a  regit)n  near  the  tip  beeau.se 
the  pressure  is  ' short-circuited '  around  the  end.  Judging  from  other  results,  this 
increase  in  base  pressure  has  the  effect  of  enlarging  the  vortex  formation  region 
locally  (Mearman  1965;  (Jriffin  &  Votaw  1972)  and  eorrt'.sponds  with  a  deerea.se  in 
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•shedding  frequency  (as  was  shown  clearly  by  Ro.shko  1955).  By  angling  in  the 
endplates,  the  ba.se  pressure  near  the  endplates  is  reduced,  until  the  pressure  and  the 
vortex  frequency  match  those  values  over  the  rest  of  the  span,  and  the  shedding 
becomes  parallel.  (It  seems  that  even  under  these  conditions  a  very  small  lower- 
frequency  cell  remains  close  to  the  downstream  side  of  the  angled  endplates.  as 
indicated  by  figure  8.)  This  matching  of  the  base  pressure  at  the  ends  of  the  cylinder 
with  that  over  the  central  span  is  a  concept  which  was  used  by  Ramberg  (1983)  in 
his  study  of  the  flow  over  yawed  cylinders,  and  was  also  achieved  by  angling  the 
endplates.  Consistent  with  the  reduction  in  base  pressure  is  a  slight  increase  in  the 
measured  flow  v'elocity  incident  on  the  cylinder  and  close  to  the  plates.  This 
reduction  in  base  pressure  may  also  be  the  cause  of  Eisenhlohr  &  Eekelmann's 
observations  that  parallel  shedding  is  also  induced  if  a  cylinder  span  is  ended  with 
larger-diameter  (and  coaxial)  cylinders.  In  their  case  also,  the  flow  would  be  speeded 
up  around  the  ends  of  the  larger  cylinders,  and  the  base  pressure  reduced  in  this 
region.  However,  the  principal  feature  here  is  that  parallel  or  oblique  shedding  can 
be  induced  over  large  cylinder  spans  simply  by  manipulating  the  end  boundary 
conditions. 

Because  it  was  found  possible  to  induce  either  oblique  or  parallel  shedding,  it  was 
decided  to  measure  the  streamwi.se  wavelength  in  the  two  ca.ses.  The  results,  from  the 
wind  tunnel,  are  shown  in  figure  9(rt).  (The  procedure  in  measuring  the  wavelengths 
was  to  fix  a  particular  Re,  and  then  change  the  endplate  angles  to  give  first  oblique 
shedding  (plates  parallel  to  the  flow),  and  then  parallel  shedding  (by  angling  the 
plates).)  The  data  show  clearly  a  discontinuity  in  the  wavelength  data  at  Re  =  (>4  for 
the  ohlif(ue  shedding  case,  and  thereby  reflects  the  di.seontinuities  in  Strouhal 
number  and  oblique  angle  6  that  were  found  at  the  same  Re  in  figure  1.  What  is 
significant  about  the  results  is  first  that  the  parallel-shedding  curve  is  continuous 
whereas  the  oblique-shedding  data  are  not.  Secondly,  the  results  shown  in  figure  9(f/) 
indicate  that  the  following  relationship  holds  well: 


A,  =  A„eos(9. 


(1) 


where  A„  is  the  [)arallel-shedding  wavelength  and  A„  is  the  obliipie-shedding 
wavelength.  This  means  that  the  wavelength  normal  to  the  wavefront  remains  a 
constant,  and  ecjual  to  A,,  (for  a  given  Re)  irres|K‘etive  of  the  oblicpie  angle  6. 

The  convection  velocity  l\.  of  the  vortices  downstream  can  also  be  calculated 
simply  from 


I’jr,  =  {A/n)s 


where  l\  is  the  free-stream  speed.  The  results  in  figure  9(/>)  show  that  the  convection 
speed  is  almost  unaltered  between  the  eases  of  oblitpie  and  parallel  shedding,  and 
therefore  implies  that  Strouhal  measurements  in  th*‘  two  ca.ses  will  also  have  a  simj)le 
geotnetrie  relationshii)  like  equation  (I),  and  this  is  confirmed  later. 

The  [jresent  results  have  shown  that  it  is  the  effects  from  the  ends  that  cause  an 
obliipie  angle  of  shedding  to  be  generated  near  the  ends  of  the  span,  and  which  then 
spreads  inwards  along  the  span  from  one  shedding  vortex  to  another.  The 
mechanisms  that  produces  an  oblique  angle  of  shedding  involves  the  complex 
interaction  of  the  central-span  vortices  with  tho.se  vortices  in  the  end-cell  region.  The 
central  vortices  become  'retarded'  by  tho.se  at  the  lower  frequency,  because  part  of 
a  shedding  vortex  is  influenced  by  the  induced  velocity  from  vortieity  all  along  the 
span.  It  is  difficult  to  i)rovide  a  rigorous  argument  as  to  why  a  sfK'cific  angle  of 
shcflding  apjK-ars  at  a  particular  Reynolds  number,  although  the  angle  is  possibly  set 
by  a  streamwise  and  a  spanwise  lengthscale.  The  spanwi.se  scale  might  vary  with  the 
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Fkji  rk  9.  («)  Xornializfd  wake  wavclftijith  (A//>).  and  (6)  nomializcd  downstream  eonveition 
s|)eed  of  vortices  tl',./t\).  versus  lie.  Data  for  both  the  obli<|ue  ami  parallel  shedding  cases  are 
included. 

spanvvisc  extent  of  the  end-eell  region,  which  remains  almost  constant  at  around 
10  diameters  in  length  over  the  whole  range  of  Reynolds  numbers  of  interest.  A 
candidate  for  the  streamwise  length.seale  could  be  the  streamwise  wavelength  of  the 
vortices  A/ 1),  which  varies  nearly  proportionately  with  6  (at  least  at  Re  >  64),  as  Re 
is  changed.  It  is  thus  eoneeivable  that  the  angle  of  oblique  shedding  scales  with  the 
wavelength  of  the  wake  A/l)  (in  this  particular  cast'  when  the  end-eell  size  remains 
con.stant).  and  thereby  0  increa.ses  as  Re  is  reduced. 
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Flat  Kt:  10.  Ski-tch  thnit  iliviilhif!  n  .s|»t))wisi‘  ot'iililii/iic  vortices,  from  ii  rcjiion 

of  pai'HlIcl  vortices.  'I'hc  front  l>cgiiis  at  the  cnil  of  the  cyliiulcr  aiul  proiiajiatcs  sjianwisc  to  tlic 
ri(f|it.  Ii>  iti<liictioti  effects  (Inriii);  the  (noee.ss  of  vorte.x  .shedding. 


The  (lata  lor  the  streamwise  wavelength  A  ean  hi'  tisoil  to  make  some  |)redietion  of 
the  time  it  takes  for  the  wake  to  <leveloi»  ohliijtie  sheiliiiiig  riglit  across  the  whole 
span,  after  the  start  of  the  cylinder  motion.  Here,  we  sii|)i)ose  that  there  is  an 
'ohliiiue  front as  shown  in  Hgnre  Id.  between  the  ohli(|ne  shedding,  which  started 
at  the  ends  and  is  travelling  inwards,  and  the  parallel  shedding,  which  continues  in 
the  central  portion  of  the  span  until  the  ohliuue  front  has  pas.sed  through.  (In  reality, 
the  ohli()Ue  vortices  will  join  the  [larallel  vortices  with  some  curvature  rather  than 
a  sharj)  change  of  angle  as  shown.)  Beeau.se  the  wavelength  normal  to  either  the 
ohli(|ue  or  parallel  vortices  is  A,,,  then  by  symmetry  the  obli(|ue  front  will  be  oriented 
at  an  angle  (l>  =  to  the  free  stream,  as  is  shown  in  the  diagram  of  Hgm-e  Id. 

It  was  decided  to  investigate  such  an  obliijiie  front  in  experiment  by  having 
different  end  conditions,  one  of  which  induces  an  obliipie  shedding  angle  across  the 
span  (enilplate  fiarallel  to  free  stream),  while  the  other  end  induces  parallel  shedding 
(endplate  angled-in).  This  exam|)le  is  shown  in  figure  1 1 .  w  here  a  measurement  of  the 
angle  of  the  obliijue  front.  ^5.  was  made.  Some  difficulty  in  this  measurement  was 
created  by  the  fact  that  the  parallel  vortices  were  not  precisely  straight  and  also 
because  the  bend  between  the  oblique  and  parallel  voices  sjilits  up  into  two  bends 
further  downstream  by  Biot-Savart  indui'tion  (as  can  also  bi'  .sei'ii  ch'arly  for  the 
bend  in  the  obliipie  shedding  of  figure  fi«).  Therefore  the  oblique  front  was  defined 
as  the  intersection  between  lines  drawn  as  nearly  as  jiossible  through  the  parallel 
vortices  (and  parallel  to  the  cylinder),  and  lines  drawn  through  the  obliipie  vortices. 
The  resulting  oblique  front  in  figure  1 1  was  angled  at  (jt  =  9°  to  the  free  stream  while 
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the  ()l)li(|U(‘  slu'(l(liiii{  angle  0  was  17°.  This  i-esult  suggc.sts  that  the  theory  j)ropose<i 
above,  which  showed  ^  =  \0.  is  appro.xiinately  correct.  Intimately,  with  such  a  pair 
of  different  end  conditions.  th('  vortices  take  on  a  constant  oblicjue  angle  all  the  way 
aentss  the  span,  rathi'r  than  form  a  chevron  ohli(|ue  vorte.x  pattern. 

•A  further  interesting  feature  of  the  motion  of  the  oblicjue  fronts  (travelling  in  from 
each  end  of  the  span)  is  the  fact  that  the  frequc'ney  of  the  parallel  shedding/,  in  the 
centre  of  the  span  must  necessarily  be  greater  than  that  for  the  oblique  shedding/,, 
behind  the  fronts  at  each  side.  These  two  different  frequencies  eoc.xist  simultaneously, 
yet  at  the  .same  time  the  oblicjue  and  parallel  vortices  match  up  in  pha.se  across  the 
front.  This  is  consistent  with  the  fact  that  by  the  time  the  chevron  pattern  of  oblicjue 
shedding  (across  the  whole  span)  has  developed  there  will  always  have  been  more 
vortic  es  she'd  in  the  c-entre  of  the  span  than  at  the  sides. 

W'e  arc'  now  in  a  position  to  estimate  the  distance  that  the  cylinder  must  travel 
from  its  starting  jaisition.  before  the  asymptotic  state  of  oblique  shedding  across  the 
H  hole'  sjean  has  Ix'c'ii  rc'achc'd.  When  there  is  an  oblique  front,  each  vortex  will  have' 
a  bend  betwc'cn  an  oblique  portion  and  a  parallel  portion  of  its  length,  although  w  ith 
each  nc'w  vortex  to  slic'd  this  bend  is  displaced  spanwise.  In  this  way.  the  front  is 
■  ju'ojiagatc'd  ■  along  the  span  at  a  speed  Uy.  which  ean  be  derivt'cl  from  the-  simjilc 
gc'ometry  of  figure  10  as. 

f  K  =  ^ctan(|(9).  (3) 


If  the  length  of  the  cylinder  is  L.  then  the  distance  (x)  travelled  by  the'  cylindc'r. 
before  the  final  stafc'  is  reached,  can  be  shown  to  be. 


■r  (L/D) 

1)  m'jr,)' 


(4) 


where  0  is  small.  Now  from  experiments  over  a  range  of  lie  we  have.  Il/I',  %  0.0, 
fi  ^  0.344  rad.  (or  14°).  and  suppo.sing  for  example  that  L/D  =  100.  then  (4)  givc's 
x/l)  =5:  4o0,  i.c'.  the  cylinder  travels  around  450  diameters  to  rt>aeh  the  asymjitotie 
state'  of  oblicjue  shc'clding  all  the  way  across  the  span  (corresponding  with  about  00 
cycles  of  vorte.x  shedding).  This  is  surprisingly  large,  since  we  might  otherwi.sc' 
considc'r  the  How  to  have  reached  its  asymptotic  form  after  around  5  cycle's,  if  we 
based  our  ob.servations  solely  on  a  cro.ss-sectional  view  of  the  wake.  Howc'vc'r. 
judging  from  estimate's  of  x/D  from  experiments  in  the  towing  tank,  such  a  large 
value-  is  of  the  right  order. 

It  is  necessary  here  to  make  c'lear  one  jiarticular  aspect  conc'crning  the-  inHuenc'C's 
of  the'  c'licl  conditions  on  the  flow  over  large  cyclinder  spans.  In  such  a  case',  the  flow 
at  a  [lartieular  location  in  the  central  portion  of  a  span  is  only  direrlly  influc'iiec'd  (in 
the'  main)  by  the  vortic'ity  distribution  in  the  near  wake  for  several  diametc'rs  of  the- 
sjian  to  c'ithc'r  side:  for  example,  it  is  shown  in  Appendix  A  how  the  end  effec-ts  have' 
a  clirc'ct  intiuenc'e  on  the  flow  for  a  region  of  the  order  of  10-20  diameters  in  length. 
'I'heir  intiuc'nee  is  felt  ovc'r  the  rc'st  of  the  sjmn  in  an  indirc'ct  fashion,  by  the  gradual 
sjianwisc'  displacc'ineiit  of  a  clisturbanc'C'  such  as  a  bend  in  the'  vortiec's  (like  the 
oblicjue  front  above)  away  from  the-  c-ncls.  Niieh  a  bend  in  one  vorte.x  induces  a 
velocity  fic'Icl  (and  jtha.se  of  shedding)  on  the  next  shc'dding  vortex  in  such  a  way  that 
thc'  bend  is  clis|)lacecl  sjeanwise.  It  is  this  suc-c-c'ssive  vortc'.x  slu'dcling  in  the  nc'ar  wake- 
that  is  resjionsible  for  the  gradual  sjianwisc'  shift  of  such  disturbanc'cs  from  the  ends, 
causing  the-  oblicjue  front  that  was  cliseus.sc‘cl  c'arlic*r.  The-  timescale  over  which  a 
disturbance'  from  the  c'ticls  is  ultiniately  fell  in  the*  centre  of  a  long  cylinder  C'an  bc' 
very  much  largc'r  than  a  tyjcical  shedding  (leriod.  The  influenc'c'  that  the  end 
conditions  have-  on  the-  flow  ovc-r  long  c-ylindc-rs  is  thc'rc'forc'  ofan  indirect  nature,  with 
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Fun  RK  12.  The  ■  iiiiiversar  Stiouhal  curve  for  a  circular  c_\iiiuler.  M<' i  ■orciiicut>!  from  the  wiTul 
tunnel:  •.  parallel  shedding  data  (/t  =  0. 1(l4  cm.  /.,//>  =  90):  O-  transformc'I  ohlujue-shedding 
ilata  using  the  formula  =  N„/cosi9.  (!)  =  0.104  cm.  L/l)  =  123);  — .  curv<‘s  through  the  original 
S„  data.  Measurements  from  the  X  towing  tank  ;  x  .  0.057  cm  <  ylinder.  L/l)  =  72:  +  .  0.328  cm 
cvlinder.  IJI)  =  140. 

(list iirltance.s  propagating  soini-what  like  a  'ehaiii  reaction'  along  the  span  front  one 
shed  vortex  to  the  next. 

In  this  .section,  it  was  shown  how  the  ttoundarv  eontlitions  at  the  ends  of  a  cylinder 
take  time  to  become  'matched'  with  the  How  over  the  whole  span.  This  feature  was 
studied  using  some  wake-wavelength  measurements  where  it  was  found  that  a  simjtle 
geometric  relationshijt :  A„  =  hokls  between  the  parallel  and  oblitpie  shedding 

eases.  One  might  suspect  that  such  a  simple  relationship  also  holds  between  the 
shedding  fretjueneies  for  the  [)arallel  and  oblirpie  eases,  given  that  the  convection 
speed  for  the  two  ea.ses  almost  unchanged.  Also,  the  fa<-t  that  the  wavelength  data 
for  parallel  shedding  vary  continuously  with  Re  sugge.sts  that  the  Strouhal  data  for 
parallel  sht'dding  would  be  continuous  also.  Both  of  the  above  sujrpositions  are 
confirmed  in  the  next  Section. 

4.  Defining  a  universal  and  continuous  S-Re  relationship 

•Judging  by  the  re.sult.s  for  a  cylinder  which  .sh(?ds  oblique  vortices,  it  is  not  clear 
whether  a  continuous  Strouhal  curve,  without  discontinuities,  actually  exists. 
However,  when  the  vortices  are  inviueed  to  be  shed  parallel  to  the  cylinder,  no  mode 
transition  occurs,  because  the  vortices  are  shed  parallel  to  the  cylinder  throughout 
the  Reynolds-number  range.  I’nder  these  conditions  a  completely  continuous 
Strouhal  curve  is  found  to  exist,  and  is  shown  in  figure  12  (as  the  solid  symbols).  The 


604 


( H.  K.  WiJIiavimn 


(Hz) 

P’ldClu:  i;i.  ( '(im|ians(iii  ot  wake  s|MMtia  tin-  (</)  the  <|Ua.si-jHTi(Mlic  ukliinic  iikhIi'.  with  (//|  the 
(IMM'iodic)  [mrallfl  shcildiiia  inodi'.  at  iii'ci  isfly  the  saiiii’  Kcyixilds  imiidaa-.  Hi  —  5!). 7.  In  (a),  the  lint 
wire  is  at  z/D  =  :i7.  /-//)  =  71  In  (/<).  tin-  hot  win-  is  at  z/l>  =  40.  l,/i>  =  iM). 

ftarallcl-.shcddiiig  data  lie  somcw  hat  above  th('  oblitjue-sheddinfi  data  (the  lines),  and 
are  thus  consistent  with  the  results  of  figure  1.  where  the  trend  of  increasing 
fretiuency  for  decreasing  angle  of  shedding  was  observed.  ('I'his  trend  is  in  aeeordance 
with  the  results  of  Kisenlohr  &  Kckeltnann.  and  also  with  those  of  Hamberg  for  the 
wakes  of  yawed  cylinders.)  Xot  only  are  the  data  for  parallel  shedding  continuous, 
but  at  every  point  on  the  curve  the  sja-etra  are  |«'riodic.  as  can  be  sc-en  in  figure  1 3  (b). 
and  this  is  contrasted  witi  the  (]uasi-|K‘rio<lie  s|»ectruin  for  the  oblicpie  shedding  in 
(«).  which  rcHected  the  presence  of  different -freipieni'y  sj)anwise  cells.  Both  of  these 
spectra  wen-  taken  at  [)recisely  the  same  Reynolds  number. 

VVe  .shall  now  tran.sform  the  original  oblique-shedding  .Strouhal  data  in  a 
manner  similar  to  that  which  proved  n>asonable  for  the  wake-wavelength  data.  If 
tht  oblique-shedding  Strouhal  numbers  (.S'„)  are  divided  by  0  (using  data  for 
fre()uencies  and  angles  such  as  are  in  Apjjendix  B),  then  the  curve  of  the  resulting 
Strouhal  data,  shown  as  the  open  circles  in  figure  12.  becomes  continuous  and  agrees 
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p’Kii  RK  14.  \’ariati(in  id  fl)-/v  with  tie.  This  |>l(it  (leinoiistrates  the  coiitiiiuoiis  nature  of  the 
(lata  (O)'  Ri'd  (ilau  shows  the  least -s(|uares  eiirve  fit  (  -  •)  to  the  data  iisiiift  the  equation: 
.S'  =  A/He  +  H  +  (’lie.  where  .4  =  -ll.fWIio.  li  =  O.ISIti,  ('=  l.tHMfx  fO  *. 

flosoly  with  the  parallol-sho(t(liiig  (iata  thcrobv  indicating  that  the  following 

transformation  holds:  „ 

,s'„  =  .Vc<)sty  (5) 

(The  u.se  of  such  a  formula  in  this  context  was  originally  suggested  by  Garry  L. 
Hrown.  jtrivate  communication,  from  considerations  of  stability  theory,)  This  result 
is  consistent  with  (I)  and  (2).  which  involved  a  cos^  relationshi])  for  the  wake 
wavelength,  given  that  the  convection  speed  l\.  remains  almost  unchanged  between 
oblicpie  and  parallel  shedding,  at  a  given  lie.  It  al.so  shows  that  the  parallel-shedding 
Strouhal  curve  .S'„  is  universal,  in  that  oblique-shedding  Strouhal  curves  can  be 
collapsed  onto  the  universal  curve  using  (5).  if  the  corresponding  oblique  angle  6  is 
al.so  measured. 

•As  a  further  check  to  confirm  the  univer.sality  of  the  curve  for  (at  least  for  a 
circular  cylinder),  other  frecpjency  measurements  for  j)arallel  shedding  were 
undertaken  in  the  X- V  towing  tank.  This  is  a  particularly  suitable  check,  ber'ause  the 
water  tank  is  a  distinctly  difh'rent  facility  from  the  wind  tunnel.  The  vortex 
fre(picncies  in  the  wakes  of  cylinders  (of  diameter  (1.328  cm  and  0.657  cm)  were 
measured  using  an  accurate  auxiliary  timing  unit  of  a  video  recorder.  The  results  are 
shown  in  figure  12  by  the  crosses,  and  agree  widl  with  the  other  data,  although  the 
fre(|uencies  could  not  be  measured  to  the  .same  accuracy  as  in  the  wind  tunnel.  This 
good  agreement  provides  strong  evidence  that  the  parallel-shedding  Strouhal  curve 
is  indeed  universal,  as  well  as  being  completely  continuous. 

The  universal  Strouhal  curve  is  believed  to  repre.sent  frequency  measurements  for 
two-dimensional  vortex  shedding.  As  described  in  §3.3.  two-dimensional  vortex 
shedding  is  understood  to  mean  that  the  cross-sectional  flow  is  similar  and  in-phase 
at  all  spanwise  positions  (except  close  to  the  ends),  and  also  that  then'  is  an  absence 
of  axial  flow  in  the  vortex  cores.  ALso.  it  can  Im'  s«'en  that  the  Strouhal  numbers  are 
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Fioi  rk  15.  Comparison  of  two-dimonsional  vortex  shedclinfr  fretiucin-ie.s  from  experiment  ami  from 
numerieal  .simulation.s.  The  plot  shows  Stronhal  numbers  .S'  versus  Reynolds  numbers  He. 
Kxi)erimental  results:  #.  O.  +  ■  x  •  symbols  as  in  figure  12.  Xumerieal  results:  .  Karniadakis 

&  Triantafyllou  (1989).  si)eetral  method  :  .  .Sa  &  Chant'  (1989).  tinite-differenee  technique ; 

A  Hraza  e!  nl.  ;!986)  Unite-volume  method. 


unaffected  by  a  variation  in  at  least  for  values  considered  in  figure  12  where 

L/l)  >  70.  This  suggests  that  the  parallel  shedding  is  independent  of  the  direct 
influence  of  the  end  (conditions.  For  the  purpose  of  eompari.son  with  two-dimensional 
numerical  computations,  the  iStrouhal  Reynolds  number  relationship  is  given 
closely  by 


S  =  A/Re  +  B  +  CRe 


(6) 


where  A  =  —.3.326.'),  B  =  0.1816.  ('  =  1.600x  10  *.  T’his  Ic'ast-.squares  curve  fit  was 
made  to  the  parallel-shedding  data  plotted  in  the  manner  shown  in  figure  14.  where 


Vortex  shedding  in  the  wuke  of  a  circular  cylinder  B()7 

the  continuous  nature  of  the  data  is  clearly  observed.  The  parameter  where  v 

is  the  kinematic  viscosity,  was  first  used  in  the  context  of  vortex  shedding  by  Roshko 
(1954),  and  is  equal  to  the  product  HRe.  Equation  (6)  was  thus  found  by  fitting  a 
quadratic  to  this  data,  giving  a  root-mean-square  error  (averaged  over  all  the  points) 
of  0,000089,  with  an  average  percentage  error  of  0.06%.  Similarly,  a  linear  lea.st- 
squares  fit  can  also  be  used,  which  gives,  for  (7)  with  C  =  0\  A  =  —5.1064  and 
B  =  0.2175,  with  a  root-square  error  of  0,000415,  For  reference  purposes.  Appendix 
B  contains  a  tabulation  of  the  main  Strouhal  data  for  different  cylinders,  and  data 
for  the  oblique  and  parallel  cases.  The  Appendix  also  contains  some  measurements 
of  oblique  shedding  angles. 

Two-dimensional  numerical  computations  of  the  flow  past  a  circular  cylinder  have 
been  undertaken  by  Karniadakis  &  Triantafyllou  (1989)  over  a  range  of  Be  from  40 
to  250.  using  a  spectral  method,  and  similarly  by  Sa  &  Chang  (1989),  using  a  finite- 
difference  technique.  Their  results  for  the  Strouhal-Reynolds  number  relationship 
are  compared  with  the  present  experimental  data  for  the  parallel  shedding  in  figure 
15  Two  further  data  points  from  Braza,  Chassaing  &  Ha  Minh  (1986).  using  a  finite- 
volume  method,  are  shown  by  triangles  in  this  plot.  Although  the  numerical 
calculations  have  a  trend  that  agrees  with  the  experiments,  one  of  the  curves  of  the 
numerical  data  lies  5%  15%  above  the  experimental  results,  while  the  other 
numerical  data  curve  lies  .similarly  below  the  experimental  results.  However,  there 
is  closer  agreement  with  the  two  data  points  of  Braza  et  al.  It  is  not  known  why  there 
is  a  disparity  between  the  sets  of  results  in  figure  15.  though  it  is  perhaps  possible 
that  differences  in  the  treatment  of  the  boundaries  in  the  ealculations  might,  to  some 
extent,  contribute  to  the  differences  between  them.  In  the  case  of  Braza  et  al..  their 
calculations  place  th<‘  boundaries  at  an  infinite  distance  from  the  cylinder.  Further 
work  is  al.xo  underway  at  the  California  institute  of  Technology  (A.  Leonard  and  F. 
IVpin)  to  .simulate  the  cylinder  wake  in  an  infinite  domain,  circumventing  problems 
that  may  he  associated  with  proximity  of  the  boundaries  to  the  body. 

S.  An  explanation  for  the  transition  between  oblique  shedding  modes 

The  transition  of  obli(jue  shedrling  ino<les  at  Be  =  64  is  explained  in  this  section  in 
terms  of  a  matching  or  a  mismatching  between  the  end  conditions  and  the  flow  over 
the  rest  of  the  s[)an.  Initially,  we  shall  investigate  the  similarities  between  Tritton's 
Strouhal  discontinuity  and  the  present  one.  and  see  whether  it  is  likely  that  his 
discontinuity  is  caused  by  the  same  oblique-m<Hle  transition. 

Strouhal  data  from  both  Roshko  and  Tritton  are  comi)ared  with  the  present 
[mrallel-shedding  data  in  figure  16.  In  the  case  of  Tritton's  data,  one  can  sec  that 
both  of  his  curves  lie  below  the  parallel-.shedding  curve,  in  a  manner  not  unlike  the 
present  obli()ue-.shedding  data  (see  figure  12).  If  we  a.ssume  that  these  frequencies  arc 
lower  because  the  vt)rtices  are  oblique,  then  it  is  iiossible  to  infer  from  Tritton's  data 
what  value  of  oblicjue  angles  d  were  present  in  his  experiment  from  (5)  i.e.  6  = 
cos  '  using  the  [rresent  [)arallei-shedding  data  S^.  It  is  clear  that  the  trend 

of  the  predicted  6  from  Tritton's  data  in  figure  17  is  similar  to  the  variation  found 
here,  except  that  Tritton's  discontinuity  occurs  at  the  higher  Reynolds  number  of 
around  KM).  For  example,  at  higher  Be  the  inferred  data  from  Tritton  asymptote  to 
around  12°  14°  like  the  present  results,  and  at  low  Be  also,  the  curve  from  Tritton's 
data  g(K-s  through  the  present  rx-sults.  Perhaps  the  most  interesting  as()ect  of  this 
cornpari.son  is  the  similarity  in  the  jn-ak  values  of  0  at  which  a  transition  to  a  different 
mode  occurs.  Thest'  similarities  in  the  form  <tf  the  data,  despite  the  different  Be  for 
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Fku'hk.  0).  Coiiipai  isdii  of  the  |iurallel-.she<l<lin}i  Slrouhal  ourv<>  (  —  - )  wilh  the  previous  data  of 
Roshko  ((Odd)  and  of  Trittoii  The  eiirve  (its  used  were:  Roshko.  S=  —A.o/Ke  +  ().H'2 

(  );  Tritton  (low-s|H‘ed  mode).  .S' =  -2.l/Re+0.l44  +  0.(K)041/?e  ( . );  Tritton  (high¬ 
speed  mo<le).  .S  =  / lie  +0:224  (  •  ■  )■ 


Fi.m  bk  17.  Comparison  of  present  measurements  of  olditpie-sheddiTig  angle  II  (Q.  •)■  with  the 
prefiietions  of  6  ha.sed  on  Tritton's  Strouhal  data,  using  (5)  (  ).  Roth  sets  of  (iata  show  similar 

trentls.  exee|)t  that  the  He  for  the  discontinuities  are  didei'ent. 


th(^  discontinuity,  sugj^cst  that  his  discontinuity  is  also  likely  to  he  the  result  of  a 
breakdown  from  one  oblitiue  mode  of  shedding  to  another.  The  differenee  in  the 
Reynolds  numbers  for  the  discontinuity  is  not  fully  understood,  although  this  jtoint 
is  further  discussed  in  §7. 

Returning  to  figure  16,  it  is  interesting  that  the  level  of  Roshko's  original  data 
•seems  rather  close  to  the  present  parallel-shedding  curve,  with  the  maximum 
deviation  being  around  2. .'7%,  but  the  reasons  for  this  agreement  art'  not  known. 
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Kl(;rRE  18.  Variation  of  (/'„//„).  i.e.  ol)li(nic-she<J<ling  fr<*()uen«  v/i>arallcl-.‘<la“il(ling  frc(|Hi-niy, 
versus  He.  Note  tlie  discontinuity  at  a  critical  value  of  =  (1.947.  occurring  at  He  =  (14. 


Similar  agroonu'iit  i.s  also  found  between  the  data  of  Xorberg  (1987)  and  the  ])resent 
ftarallel-.shedding  data,  and  a  common  feature  for  both  Roshko's  and  Xorberg's  data 
is  that  their  length/diameter  ratios  were  of  the  order  of ‘iOOO, 

It  could  be  sugge.sted  that  the  tran.sition  from  one  oblique-shedding  mode 
to  another  occurs  when  the  wake  in  .some  manner  cannot  sustain  a  higher  d.  with 
the  critical  angle  from  the  present  exfK'riment  (and  Tritton's  experiment)  being 
%  19°.  Alternatively,  as  He  is  reduced,  the  transition  can  be  viewed  as  occurring 
when  the  ratio /„//„  (shown  in  figure  18)  decreases  to  a  critical  value,  which  in  this 
case  is  close  to  (1.95.  at  which  time/rt//„  jumps  di.seontinuously  to  a  different  higher 
value.  One  suggestion  for  the  mode  tran.sition  is  as  follows.  The  effects  of  the  ends  is 
to  impose  an  angle  of  shedding  over  the  whole  span,  and  thereby  also  a  decrease  in 
the  frecjuency  of  shedding  (/„)  compared  to  the  two-dimensional  ease  (/■„).  If  we 
supj)ose  for  the  monu'ii*  that  the  two-dimen.sional  mode  is  the  most  unstable  ca.se. 
then  it  is  likely  that  there  will  be  a  lower  limit  to  which  the  end  effects  can  ' pi'll 
down’  the  shedding  fret|uency  If,,)  away  from  the  two-dimensional  frequency  lf„). 
When  this  lower  limit  of /«//,  is  reached,  then  the  flow  over  the  span  breaks  away 
from  the  influence  from,  or  falls  'out  of  synchronizafion  '  with,  the  end  conditions. 
This  suggestion  to  exj)lain  the  transition  of  obli<)ue  shedding  modes  is  explored 
below. 

While  it  i.s  not  correct  to  a[)ply  linear  stability  theory  for  j)arallel  shear  flows  in  the 
highly  non-paralk’l  near  wake  of  a  bluff  body,  it  is  nevertheless  worth  mentioning  at 
this  [)oint  a  result  that  is  derived  from  Scjuire's  transformation  (Squirt'  1933).  It  can 
be  shown  (for  a  given  wake  profile  and  Reynolds  number,  and  for  a  parallel  flow)  that 
if  the  two-dim<‘nsional  fretjueney  and  temporal  growth  rate  of  disturbances  are 
resfx-ctively /„  and  tr,,.  then  for  a  wave  at  angle  0.  the  most  unstable  frt'queney/„  is 
given  by/„  =  /^cosfA  and  similarly  the  grttwth  rate  <t„  is  given  by  (t„  =  tr,, eos0.  Thus 
the  growth  rate  of  an  oblitjue  wave  reduces  as  its  angle  H  increases,  leaving  the  two- 
dimensional  waves  as  the  most  unstable  ease.  It  should  al.so  be  noted  that  the 
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frequency /^i  follows  a  cos  Q  relationship  analogous  with  (a),  though  we  cannot  use  this 
locally  parallel  theory  as  an  explanation  of  this  relationship.  Monkewitz  (1988)  has 
further  shown  that  the  observed  bluff-body  vortex  shedding  could  be  interpreted  as 
the  nonlinear  saturated  result  of  a  global  instability,  over  a  spatial  region  of 
absolutely  unstable  flow  in  the  near  wake.  Ho  investigated  a  .set  of  typical  wake 
velocity  profiles  for  which  the  absolute  growth  rates  of  oblique  waves,  in  every  case, 
were  found  to  be  less  than  those  for  the  two-dimensional  waves.  Again,  the  two- 
dimensional  waves  were  shown  to  be  the  most  unstable  <!ase. 

An  interpretation  of  the  present  results  can  be  given  by  making  the  analogous 
supposition  that,  in  the  cylinder  wake,  two-dimensional  or  parallel  vortex  shedding 
is  the  most  unstable  mode.  As  outlined  above,  when  the  Reynolds  number  is  reduced, 
the  end  effects  impose  a  decrease  in  the  oblique  angle  of  shedding  and  a  reduction 
of  the  .shedding  frequency /,y  compared  with  the  two-dimensional  shedding  frequency 
/„.  until  the  ratio  /«//„  reaches  a  lower  limit.  The  central  span  then  jumps  out  of 
synchronization  with  the  end  conditions  to  a  more  unstable  mode,  where  the  smaller 
oblique  shedding  angle  is  clo.ser  to  the  two-dimensional  case,  with  a  higher  growth 
rate  and  a  higher  frequency  ratio /„//o  as  seen  in  figure  18.  The  transition  of  oblique 
shedding  modes  is  then  a  transition  from  one  mode  where  the  central  span  matches 
the  end  boundary  conditions  to  another  mode  which  does  not  match  the  end 
conditions. 

This  kind  of  resf)onse  to  the  influences  from  the  end  conditions  has  similarities  with 
the  forcini^  of  a  nonlinear  o.scillator,  who.se  resfxmse  can  become  .synchronized  with 
the  forcing  frequency  over  a  range  of  values  of  the  forcing  frequency.  Such  a  system 
also  exhibits  jumps  when  the  frequency  of  the  oscillator  falls  out  of  synchronization 
with  the  forcing  frequency.  The  above  interpretation  of  the  rosult.s  is  clearly  only  a 
suggestion  that  is  based  on  the  supposition  that  smaller  oblieiue  angles  of  vortex 
shedding  are  more  unstable.  Further  analytical  support  could  perhaps  come  from  a 
global  theory  which  takes  into  account  the  non-parallel  nature  of  the  absolutely 
unstable  wake  region  behind  the  body  (and  ultimately  the  presence  of  the  body 
itsc'lf). 

It  could  also  be  mentioned  here  that,  for  /te  <64.  the  angle  of  shedding  in  the 
central-span  region,  although  of  a  low  value,  is  not  actually  parallel  to  the  cylinder. 
This  is  because  the  central  region  is  .sandwiched  between  the  cells  of  frecjuencv 
which  are  not  preci.sely  tho.se  end  conditions  require<l  to  generate  parallel  shedding. 

.4  furth«’r  suggestion  to  explain  the  mode  transition  can  be  put  forward  by 
considering  the  spanwise  speed  of  propagation  of  the  oblique  front  which  was 
introduced  in  §3.6.  .A  certain  speed  is  requirerl  to  match  the  obliejuc  and  parallel 
vortices  in  phase  across  the  front,  as  shown  schematically  in  figure  19(n).  As  each 
vortex  is  shed,  the  location  of  the  bend  (joining  th«'  oblique  portion  of  each  vortex 
to  its  |)arallel  portion)  is  displaced  spanwise  relative  to  the  preceeding  vortex.  When 
the  transition  occurs,  the  shedding  [)rocess  is  unable  to  translate  the  front  rapidly 
enough  at  sja-ed  1'^  to  keep  the  vortices  in  phase,  and  then  'vortex  dislocations' 
ai)[H‘ar.  as  are  shown  in  the  diagram  of  figure  19(b).  In  this  case,  the  bend  is  not 
displaced  spanwise  a  sufficient  distance  (say  z*)  per  cycle  to  keep  the  vortices 
matched  in  phase,  This  displacement  z*  can  be  estimated  by  considering  the 
geometry  of  the  front  in  figure  19(«).  in  particular  the  triangle  in  this  figure,  from 
which  =  A^tanl^y).  The  mode  transition  happens  when  ff  =  19°  and  A„  =  6.2D. 
giving  a  critical  value  of  z*  «  IJ.  In  the  ex|H'riment.  a  reduction  in  Re  brings  an 
increa.se  A„  and  0.  thereby  z*  increase  until  the  shedding  mechanism  is.  in  some 
manner,  unable  to  disf)lace  the  bend  greater  than  this  critical  c*  of  one  diameter  over 
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a  cycle.  The  oblique  and  parallel  vortices  then  move  out  of  phase  with  each  other.  At 
this  point,  the  central  portions  of  the  span  continue  to  shed  vortices  at  a  higher 
frequency  than  the  more  oblique  vortices  to  the  sides,  resulting  in  the  appearance  of 
the  spanwise  cells  of  different  frequency,  and  also  the  'vortex  dislocations'  between 
the  cells. 

6.  Structure  of  ‘  vortex  dislocations  ’  between  cells  of  different  frequency 

One  of  the  immediate  que.stions  that  arise.s  when  there  are  spanwise  cells  of 
different  frequency  is.  what  happens  to  the  vorticity  between  one  cell  and  another  f 
When  the  vortices  in  both  cells  are  close  to  being  in  pha.se  with  each  other,  then  the 
vortices  in  the  cell  of  lower  frequency  tend  to  get  induct'd  downstream  by  the  higher- 
frequency  vortices  in  the  other  cell,  and  vice  versa.  This  is  because  the  pha.se  of 
shedding  of  one  part  of  a  vortex  is  influenced  by  the  distribution  of  near-wake 
vorticity  to  either  side  along  the  span.  It  is  by  this  process  of  cell  interference  that 
the  vortices  develop  angles  that  are  oblique  to  the  cylinder.  When  the  two  cells  are 
out  of  pha.se.  however,  a  rather  contorted  'tangle'  of  vortices  appears  across  the  cell 
boundary  in  what  is  here  called  a  'vortex  dislocation',  in  analogy  with  dislocations 
that  appear  in  solid  materials.  It  is  this  aspect  of  the  flow  about  the  cylinder  that  is 
.studied  in  .some  detail  in  the  present  .section. 

Hecent  work  by  Ei.senlohr  (1986)  suggests  that  it  is  possible  for  vortices  of  one  sign 
to  split  and  connect  with  two  other  vortices  of  the  same  sign.  This  was  obs(‘rv('d  from 
smoke  visualization  near  the  ends  of  the  wake  of  a  Hat  plate  (parallel  to  the  How) 
which  had  a  blunt  trailing  edge,  and  an  example  is  included  in  Eisenlohr  & 
Eckelmann  (1989).  We  might  thus  expect  similar  phenomena  to  occur  when  the 
vortices  dislocat<‘  near  the  ends  of  a  circular  cylinder. 

Browand  &  Troutt  (198o)  have  also  found  vortical  structures  to  be  generate'd 
naturally  in  the  shear  layer  (downstream  of  a  splitter  plate)  between  spanwise  cells 
of  different  freijuency.  or  between  cells  of  similar  fretjuency  but  which  are  out  of 
pha.se  with  each  other.  These  vortical  .structures  were  inferred  from  velocity 
measurements  using  a  rake  of  hot  wires  along  the  span.  Browand  &  Ho  (1987) 
suggested  that  these  'defects'  or  dislocations  could  be  due  to  slight  non  uiiiforrnities 
in  the  flow,  causing  differences  in  fre(|uency  along  the  span.  X'ortex  dislocations  could 
al.so  be  induce<l  to  occur  artitically  by  spanwise  ai'oustic  forcing  (Browand  &  Ho: 
Browand  &  I’rost- Domasky  1988.  1989)  ami  a  process  similar  to  thi'  vortex  splitting 
(mentioned  above)  could  be  infern'd  from  their  velocity  measurements. 

.Also.  (Jharib.  Aref  &  Stuber  (1988)  have  extended  the  work  of  \'an  Atta  c/  al. 
(1988).  where  a  vibrating  wire  created  spanwi.se  structures  due  to  int»‘ractions  of  the 
wire  frcciuency  with  the  natural  shi'dding  fre(picncy.  'I’hey  considi'red  the  case  of  a 
shear  layer  forced  to  have  different  fre(|ucncu's  over  each  half-span,  by  the  use  of 
heater  strif)s.  They  made  the  suggestion  that  vortical  structures  b('twccn  cells  of 
different  frecpiency  could  be  part  of  the  fundamental  process  by  which  streainwisc 
vorticity  is  generated  in  shear  flows.  The  prcsi'nt  results  are  consistent  with  their 
suggestions,  and  it  is  found  in  this  section  that  the  generation  ofstreamwise  vorticitx 
is  clearly  a  fundamental  characteristic  of  vortex  diskwations. 

In  the  presT'iit  case  of  the  obli<juc  vortex  shedding  modes  there  are  two  tyjH's  of  cell 
boundaries,  corresponding  with  either  the  la'at  frequency  (/'i,— /p)  or  —/[,)■ 
Physically,  it  is  u.seful  to  know  how  many  sherlding  cycles  then'  an'  la'twi'r'ii  one 
dislocation  ami  the  next.  If  two  neighbouring  cells  have  Strouhal  numbers  of  .S',,  and 
>S, ,  then  this  can  be  derived  simply  from 

=.S',./(.SV-.S,,).  (7) 
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Kmji  hk  iO.  Ttu‘  iuuiiIht  of  fy<'lcs  Iv  tw  .  ,,  vortt-x  ilislocatioiis.  im  the  liif/li-tVi'iiiiciu  v  side  oCtlic 

■I '  «iuti<laHrs  H.  versus  Hi  . 

« lioi'o  Hy  is  the  iiuinbcr  ■  it  Cyclos  on  the  high-fri‘(|U('nc_v  side  of  the  disloi’ation.  On  the 
lo\i -frequency  side,  v,  =  .»q  — 1.  If  we  tak(“.  for  e,\ainj»k“.  the  ease  in  fijiure  5.  then 
liy  =  32.3.  This  i.s  ,i()[)roxiinat<'ly  indicated  in  fijiure  5(6).  ami  it  nu'asnres  the  lieatinj; 
jH'riod  of  the  velocity  fiiictnations.  Similarly,  near  th(‘  ('nd  e(‘)l  the  inimher  of  eyeles 
in  a  iieatiti).'  jieriod  is  fotind  to  Ik'  !>.  I  <»r  (0.1.  defiendiii);  on  w  hich  side  of  the  cell 
houndarx'  i.'  considered,  and  this  is  show  n  in  tijriire  5{f/).  A  [dot  of  /q  ovc'r  th('  whoh' 
langi'  of /fe.  and  foi'  the  hi^h-freciiu'iicy  side  of  the  cell  boundaries,  is  show  t)  in  Hciire 
20,  'fhe  lower  data  in  this  jilot  show  the  number  of  slasldinji  <-ycles  [ler  beatitig  [leriod 
for  tin-  end-cell  lioundary  (i.e.  between  cells  of  freiiueiwy  /i  and w  hile  the  ii|»[)er 
data,  at  the  lower  Hevnolds  nundxMs.  correspond  with  the  boundary  betwi'en  the 
cells  of  frecjuency  /,  and  /,  , 

'fvpical  formation  of  vort(',\  dislocations,  which  occur  at  the  cTid  of  the  cylinder, 
can  be  .seen  in  tijiure  21 .  'fhis  se(|U('t)ce  of  photos  covers  a  complete  beat  cycle,  in  that 
the  (lislocation  in  tifrnre  21  (a),  which  is  shown  in  the  right  halfof  tlu'  picture,  is  then 
repeated  almost  e.xactly  by  the  time  the  |)hotograph  in  figure  21(/’)  is  reached.  It 
.seems  to  be  a  conimon  feature  of  such  dislocations  that  'vortex  division'  (tt-rmed 
vortex  s[)litting  above)  takes  [dace;  in  this  ca.se  forexamjile  vortex  a  in  figure  21  (r) 
is  shown  to  divide  and  connect  with  two  <t(h<‘r  vortic<'s  b  and  c  of  tlu'  .same  sign  in 
the  higher-fre(|uency  e(dl  above.  'I'he  vortex  dislocation,  markt'd  by  tlu'  letter  1).  can 
be  seen  forming  in  the  near  wake  of  the  cylinder  as  we  moee  from  figure  21(6)  to 
21  (il).  'I'hereafter  in  the  near  wake  the  vortices  of  each  cell  are  linked  more  in  pha.se 
across  the  cell  boundary  in  figure  21  (c./).  until  the  next  dislocation  will  appear.  The 
sfianwise  extent  of  the  dislocation  <dearly  expands  as  it  travels  downstream  in  figure 
21  (c,/),  and  the  process  gimerates  streainwist'  as  well  as  spanwise  vortieity.  as  will 
be  seen  more  clearly  later.  Also,  as  each  dislocation  forms,  so  it  is  gradually  dis])Iaeed 
spanwise.  leaving  a  trail  of  dislocated  vortices  at  some  small  angle  to  the  free  stream. 
This  [iroee.ss  is  shown  schematically  in  figure  111.  and  can  also  be  observe-d  in  figure 
li(6),  and  .seiuns  to  be  similar  to  the  '<-limbing'  or  spanwise  displacement  of 
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I'nifKK  21.  Development  overone  heating  cycle  of  a  vorte.x  rlUlocafion  '  near  the  hottoni  end  ofthe 
cylinder  span.  Klow  is  from  left  to  right.  In  (c).  note  the  vortex  a  in  the  lower  cell  dividing  and 
connecting  to  vortices  h  and  <■  of  the  same  sign  in  the  high<‘r-f'rc(picnc\  nppei'  cell.  'Phc  dislocation 
is  niarkc<l  with  the  letter  I)  Hr  —  l(H>. 


dislocations  ohserved  f'roin  hot-wire  ineasureint'iits  l)y  Urowaiid  &  Prost- Doniasky 
(HISS).  (This  terminology  again  comes  fntm  the  Held  of  material  seienet'.) 

Krom  hot-wire  measurements  (matle  in  the  wind  tunnel)  in  this  end  region  of  the 
cylinder,  the  time  traces  in  Hgure  22(t/)  show  that  w  ithin  the  eml  cell  (z/l)  =  4.0).  or 
within  the  central  cell  (z/D  =  19.2).  the  velocity  Huctuations  are  reasonahly  pt-riodie. 
hut  they  have  different  fre(|ueneies.  In  the  tract'  at  z/l)  =  9.0.  it  is  at  the  positions 
markt'd  I)  that  the  vortices  in  each  cell  dislocate,  and  therehy  minimize  the  velocity 
Hiictations.  because  the  induced  velocities  from  the  vortices  on  ('ither  side  are  out  of 
j)hase.  Also,  in  Hgure  22(h).  the  variation  of  the  phasi'  diffi-renee  between  the  trace 
at  z/I)  =  9.0  relative  to  that  at  z/D  =  19.2  suggests  that  the  vortier's  bend  graduallx’ 
(•lit  of  f)hase  for  around  si.\  cycles  then,  during  a  dislocation,  the  pha.se  changes  rather 
rapidly  in  the  other  direction  over  about  two  eyeles.  and  this  process  repeats  itself. 
It  is  as  though  the  vortices  resist  the  relinking  pnx'e.ss  across  the  ei'll  boundary,  ami 
tlu'ii  suddenly  'snap'  through  a  dislocation  to  a  new  linking  eonHguration.  The  rangt' 
of  this  phase  change  shown  in  figure  22(h)  is  of  the  order  of  which  in  si)aee  is  about 
half  a  wavelength. 

A  more  (h'taile<l  demonstration  of  the  vortex  structun'  of  a  dislocation  is  given  in 


I  orhw  nhi'tliling  in  tlir  triik'i'  of  n  rirriiltir  rgliiiilcr 
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Kii;i  KK  l’l’.  (</)  'I'iim'  liaccs  of  velocity  lliiet nation  at  (liffereiit  s|>aii«ise  iiositioiis  (aeioss  the  eiiil 
cell  honnilarvl.  ami  (/<)  [iliase  (litfereiiee  lll•t«een  the  fluetuation.s  at  :/l>  =  !t.O  anil  those  at  ;//t  = 

I  if  2  Note  that  the  11  net  nations  at  z/l)  =  I  if  2  have  a  liijiher  fre(|nene\  than  those  at  z/l>  =  4,1).  'I’he 
(lisloeation  is  niaiked  with  the  letter  I).  Kf  =  itit.ti.  N,  ==  N,  =  (1.141)7.  w  =  S.2  or  7.2. 

fijjnre  using  ordinary  dye  How  visualization,  with  the  vortical  eylindt-r  moving  to 
the  right  past  the  H.\c(l  camera.  Kach  of  the  |)hotogra|)hs  on  the  left  is  accom|)ani('d 
hy  a  sketch  of  the  main  vortices  on  the  right,  where  positive  vortict's  are  shown  as 
dashed  lint-s  and  negative  vortices  by  full  lines.  In  this  se(|uence.  the  higher- 
fretjuency  cell  lies  above  the  lower-fre(|ueney  cell,  and  it  is  of  interest  to  .st>e  how  the 
vortices  'divide  as  the  dislocation  develops.  In  figure  23(r/).  the  vorte.x  division 
begins  with  a  positive  vortex  H  in  the  lower  cell  la'ing  eonneeted  to  |)ositive  vortices 
H  and  H'  from  the  upper  cell.  i.e.  some  of  the  vortex  lines  from  the  lower  vortex  H 
continue  to  the  u[)per  vortex  H.  while  .some  of  the  lines  continue  into  B'.  The 
formation  of  this  vortex  division  occurs  during  the  roll-uj)  process  in  the  near  wake 
of  the  cylinder.  In  figure  2H(/>).  similarly  to  this  ease  the  lower  negative  vortex  ('  is 


F’u;r KK  23.  l)e\  flopnu'Mt  nt  ii  ■  vtutox  (lislocation  .  sh«t\v!\  photuy;ri\}'Us  (n\  t \\v  U‘h sulv. 

arnl  IroTii  cnrn’spuihlinj^  skrtclirs  of  tfu-  vi»rtir<*s  sf)(»\vn  on  tin*  riiihl  liarnl  .sidr.  ( '\  liiuln-  nn'\'«‘s  to 
the  rijilit  (fartu*ra  fixnd).  'I'Ih*  vorl<‘\  links  hrtwrrn  tlir  npprr  <tI1  Mutrcos  (at  tlu‘  liijilua-  tro<p»‘tu-vl 
witli  tliosn  in  tin*  lownr  <'cll  an*  stiTtrliod  into  loops.  \vhi<-li  rosidls  in  tlu*  iirnrrat ion  ot  snnir 
strraniwisr  vort  i<'ity .  \otf  also  vortox  division  \vlu‘nd»y  a  v<»rt<‘\  <-an  lu*  ronnwti'd  w  it  t  w  o  ot  Iwr 
voftirrs  ot  the  sauM'  si^n  AV  =  MM» 

connected  to  two  n|)[)cr  negative  vortices  ('  and  C'.  and  in  Hgiire  2.‘{(r).  U'  is 
eonneeted  hotli  to  H  and  I),  Hy  tliis  time  tl>e  main  (lart  ol'tlie  dislocation  is  almost 
eoni[)lete.  atai  vortices  K.  F  in  tigure  '2-i(il)  are  more  directly  linked  across  tiu'  cell 
t)onndary.  One  t'eatnre  that  is  ek'arly  notie<'ahle  in  these  tigures  is  tlie  streamwise 
stretching  of  some  of  the  links  hetwi'cn  vortices  of  the  upper  and  lower  cells.  Koi- 
example,  the  links  hetween  ( '  to  C'  or  B  to  H'  heeome  stretched  into  loops  of  vortieity 
in  figiiri'  2l}(/>).  (r)  and  (r/).  and  thus  som<'  streamwise  vortieity  is  generated  diiritig 
the  formation  of  a  vorte.x  dislocation. 

Based  on  tht'  present  observations,  we  can  eonsitler  an  idealizatioi;  of  h<<w  the 
vortices  of  two  cells  might  he  eonneeted.  .An  assumption  is  made  that  all  the  vortieil\- 
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More  recently.  Karniadakis  &  Triantafyllou  (1989)  have  eoneludecl.  from  their 
two-dimensional  numerical  computations,  that  the  wake  is  always  periodic  in  the 
absence  of  e.xternal  forcing,  such  as  that  forcing  due  to  cylinder  vibrations.  They 
suggested,  on  the  basis  of  their  study  of  a  two-dimensional  wake,  that  non-periodie 
states  in  laminar  wakes  cannot  be  caused  by  phenomena  of  pure  fluid-meehanieal 
origin.  However,  in  the  present  study,  it  is  sf)eeifieally  the  three-dimensional  nature 
of  the  How  (i.e.  the  oblique  shedding)  that  eau.ses  the  wake  to  be  non-periodie  (i.e. 
quasi-periodie)  despite  there  being  no  external  forcing.  Relevant  to  this  point,  there 
has  been  some  debate  recently  over  whether  chaotic  or  quasi-periodie  wake  velocity’ 
spectra  (of  the  type  recorded  by  Sreenivasan  1985)  would  exist  in  the  ab.senee  of  any 
cylinder  vibrations.  On  the  basis  of  the  present  results,  it  seems  quite  conceivable 
that  some  eharaeteristies  of  Sreenivasan's  wake  spectra  could  )>('  attributable  to  the 
existence  of  different  oblique  shedding  modes,  although  proof  of  this  would  require 
further  information  regarding  body  vibrations,  etc. 

-Although  the  existence  of  Strouhal  discontinuities  has  been  found  by  a  number  of 
previous  investigators,  there  has  nevcTtheless  been  little  agreement  as  to  the  critical 
Reynolds  number  at  which  there  is  a  change  of  shedding  modes.  The  ])re.sent 
ex])eriments  yiehh-d  a  critical  Reynolds  number  for  all  three  eylind(>rs  of  94+1 
(despite  their  different  length/diameter  ratios,  and  endplate  <liameter/eylinder 
diameter  ratios).  Possible  eau.ses  for  differences  in  the  critical  Reynolds  number 
could,  for  example,  be  different  levels  of  How  non-uniformity,  differences  in  the  end 
conditions,  or  possibly  difference's  in  the  levels  of  turbulence  in  the  free  stream  (as 
suggested  by  Berger  &  W’ille  1972).  An  investigation  into  such  possibilities  was  not 
made  here'.  .A  further  feature  concerning  the  oblique  modes  of  shedding  is  the 
possibility  that  a  periodic  mode  may  exi.st  Ix'low  the  Reynokis-number  region  where 
the  Strouhal  curves  overlap);  for  exartiple.  below  Re  =  85  for  Tritton’s  data  in  figure' 
lb.  'l'h('  How  over  the  span  may  somehow  match  the  t'lid  conditions  again  over  this 
lowe'r  H'gion.  although  such  a  ease  was  not  observed  for  any  of  the  cylinders  in  the' 
[)r('S('nt  ease',  be'e'aei.se'  no  e'le'ar  [K'rie)die'  mexle  was  feeund  bele)w  Re  =  94. 

One  e)f  the'  ejuestieens  juieer  te)  the  pwesent  we)rk  was  whether  the  wake  e)ver  large 
e  vlineh'r  spans  was  truly  e'luiHeete'el  by  the'  |>re'.''e*ne'e  eef  the-  enel  ee)nelitie)ns  (emtside  the 
e'liel  e'e'lls  of  leewe'r  fre(|iien)'y /,.  in  figure  9).  as  hael  previeuisly  be'cn  siqtpee.seel.  'I’he 
pre-se-nt  results  sheew  that,  tor  hunelied  of  diame'ters.  the  wake  can  inele'cel  be-  affee-te’e! 
by  the'  e'liel  e'emditiems.  It  se'e'ins  like'ly  that  sjians  eif  e'ven  themsanels  e)f  eliame'ters  in 
le'iigth  e-an  be'  aflee'te'el  eir  ' e'eintreilleel'  by  the  e'tiel  efi'ce-ts.  altheeugh  in  prae'tiea'  this 
may  re'eiuire'  geeeeel  unifeirmity  e)f  the  fre'c  stre'am  eever  large  distane'cs.  anel  therelbre 
may  be'  eliffie-ult  te)  attain. 

Finally,  if  was  e)f  interest  te)  investigate  whefhe'r  the  pheneime'iia  e)bse'rveel  in  the' 
(ere'se'nt  stuely  we're'  apjilie-able'  alse)  te)  ))ther  bluff  beieiy  wake's,  and  tor  this  re'aseen  (een 
the'  sugge'stieen  e)f  (tarry  L.  Breiwn.  private  e'e>mmunie'atie)n)  a  Hat  plate  jiarallel  te) 
the'  tle)w  was  rneeunte'd  in  the'  winel  tunne'l.  'I'lie  pilate'  hael  an  elliptie'al  leaeling  eeige  anel 
blunt  trailing  e'elge'  te)  alleew  veertie'e's  te)  sheel  effe'e'tively  freem  a  bluff  beeely.  anel  the 
e'heerd-tee-wielth  ratie)  eaeulel  be  varie'd  betwe'cn  values  e>f  4.  8  eir  12.  It  was  found  that 
ne)t  only  we're'  vortie'es  she'd  eebliquely.  but  al.se)  that  a  similar  transitiem  e)f  meeele'."  anel 
Streeuhal  eliseaentinuity  eee'curreel  feer  the  jelate  as  it  eliel  for  the  cylinder,  involving  alse) 
the'  sf)anwise'  e-e'lls  e)f  eliH’ere'iit  fre'epuene'V  and  vorte'x  elisleie'ations.  This  ivsult  suggests 
that  similar  iiheneemena  found  feer  the  cylinder  wake  may  al.so  be'  eeb.serve'el  feer  a 
variety  eel  tilufi  bexlies  eef  elitfere'iit  e'reess-se'e'tieen. 
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8.  Conclusions 

'I'lu'  |)rfs<'nt  study  of  the  laniiuar  vortex  shedding  from  a  eireular  eylinder  has 
shown  that  a  diseontinuity  in  the  Stroiihal-Reynolds  number  relationship  exists, 
which  is  caused  by  a  transition  from  one  mode  of  oblique  vortex  shedding  to  another 
oblique  mode.  This  transition  is  caused  by  a  change  from  one  mode  where  the  end 
coiulitions  match  the  flow  over  the  w'hole  span,  to  another  mode  wIktc  the  end 
conditions  are  unable  to  match  the  central  flow.  In  the  ea.se  where  the  flow  over  the 
span  matches  the  end  conditions,  the  oblique  shedding  takes  on  the  apf)earance  of  a 
chevron  pattern,  with  a  symmetry  about  the  centre  sj)an. 

The  phenomenon  of  oblique  shedding  is  found,  in  the  present  case,  to  be  caused 
by  the  end  effects.  Initially,  after  the  start  of  motion  in  a  lowing  tank,  the  shedding 
is  parallel  to  the  cylinth'r.  Then'after,  a.)  obli(jue  front  gradually  travels  inwards 
along  the  span  from  ea<'h  end.  bringing  behind  it  a  region  of  oblicpie  shedding,  until 
ultimately  the  whoh'  span  sheds  oblique  vortices  in  the  chevron  pattern.  These 
observations  reconcile  the  contradictory  reports  of  Hama  (19o7)  who  used  a  towing 
tank  and  found  only  parallel  shedding,  and  of  Berger  (1964)  who  used  a  wind  tunnel 
and  found  only  oblique  shedding. 

L’sing  the  observation  that  the  wavelength  normal  to  the  vortices  is  a  constant  at 
a  given  Reynolds  nurnlu'r.  irres|K'ctive  of  the  .shedding  angle,  an  estimate  can  be 
made  of  the  time  it  takes  (after  the  start  of  eyiintler  motion)  before  oblique  shedding 
has  covered  the  whole  s{)an.  For  a  typical  span  length  of  100  diameters,  the  cylinder 
must  travel  of  the  order  of  otK)  diameters  for  the  wake  to  reach  its  oblicjue-shedding 
asymptotic  form,  which  is  a  surprisingly  large  di.stance  in  com|)arison  to  estimates 
based  solely  on  cross-sectional  observations. 

It  is  clear  that  the  end  conditions  affect  the  vort<‘x  wake  over  the  entire  spat)  for 
cylinders  of  even  hundrt'ds  of  diameters  in  length.  'I’lnwe  are.  in  ('.ssence.  two  forms 
of  influence  exerti'd  by  the  end  conditions  over  such  wakes.  The  end  ('fleets  have  a 
direct  influence  over  a  region  of  the  cylimh'r  span  of  the  order  of  10-29  dianteters 
in  length.  Their  influence  over  the  n'st  of  the  span  is  of  an  indiml  nature,  with 
disturbanc(‘s  such  as  a  bend  in  the  vorfic(‘s  being  propagated  along  the  span 
somewhat  like  a  chain  reaction  from  one  shed  vortex  to  another. 

One  of  the  obli(|ue-shedding  modes  involves  the  existence  of  spanwi.se  cells  of 
ditt’ert'nt  shedding  fre(|uency.  Betwt'en  these  cells,  'vortex  dislocations'  are 
|M'riodically  formed  when  the  cells  move  out  of  phase  with  each  other.  These 
dislocations  generate  complex  patches  of  .streamwisi'  vorticity.  and  involve  vortex 
division  whereby  a  vortex  of  one  cell  can  divide  up  and  become  connected  with  two 
other  vortices  of  the  same  sign  in  the  other  cell.  These  observations  of  vortex  division 
basically  corroborate  the  work  of  Ki.senlohr  (1986)  and  Kisenlohr  &  Eckelmann 
(1989),  who  refer  to  this  same  phenomenon  as  'vortex  splitting'. 

Becau.se  the  vortex  shedding  over  large  .spans  is  influenced  by  the  end  conditions, 
it  was  found  possible  to  manipulate  the  end  conditions  (by  slightly  angling  inwards 
the  leading  edges  of  the  end  plates)  in  order  to  cause  a  boundary  condition  of  parallel 
vortex  shedding,  and  thereby  induce  |>arallel  shedding  across  the  whole  span.  In  this 
case,  no  change  of  shedding  mode  takes  place  as  Reynolds  numbers  are  varied,  and 
therefore  the  Strouhal  Reynolds  number  plot  becomes  comj)letely  continuous.  The 
resulting  Strouhal  curve  is  also  universal  in  the  sense  that  other  obli<]ue-sh('dding 
Stnuihal  data  (.S'„)  can  b<'  collaps(*d  onto  the  parallel-shi'dding  data  (*S’o),  if  the  angle 
of  oblifpie  shedding  (0)  is  al.so  known,  using  the  formula  <S'„  =  S„/rosff. 

It  is  believed  that  the  iiarallel-shedding  cas*'  represents  truly  two-dimensional 
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vortex  shedding,  in  the  sense  that  there  is  an  absence  of  axial  flow  in  the  vortices  and 
tlie  flow  M  ithin  one  cross-section  is  representative  of  (and  in-phase  with)  the  flow  at 
all  spanwise  positions  (with  the  exception  of  close  to  the  ends).  The  Strouhal  data  for 
this  two-dimensional  shedding  has  been  compared  with  results  from  two-dimensional 
numerical  simulations,  although  the  comparison  yields  a  large  disparity  amongst  the 
computations  themselves,  and  also  with  the  experimental  results.  This  large 
disparity  is  not.  as  yet.  understood. 

In  conclusion,  there  has  been  some  question  in  the  past  whether  oblique  shedding 
or  parallel  shedding  is  the  intrinsic  mode  of  the  wake.  The  present  results  show  that 
they  are  both  intrinsic  and  are  simply  .solutions  to  different  problems,  because  the 
boundary  conditions  are  different  in  each  case. 

The  author  is  particularly  grateful  to  Anatol  Roshko  for  valuable  discussions,  and 
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experiments.  Special  thanks  are  due  to  Holger  Eisenlohr  (University  of  Gottingen) 
for  our  conversations  regarding  oblique  shedding.  The  author  is  also  grateful  for 
discussions/ help  received  from  Paul  Taylor  (of  Shell  Research  Ltd.,  Thornton, 
England).  S.  Schneider,  M.  Holcomb,  I.  Sugioka,  D.  Lisoski,  J.  Jacobs,  and  for  the 
technical  construction  work  of  R.  Paniagua.  Lastly,  the  author  is  grateful  to 
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Appendix  A.  Effect  of  a  variation  of  L/D  on  the  oblique-shedding 
frequency  and  cell  structure 

In  the  ca.se  of  a  long  cylind(‘r  at  a  Reynolds  number  above  the  discontinuity 
[He  >  64).  a  cell  of  fre((uencv  (denoted  Ji)  can  be  found  over  the  main  body  of  the 
span,  with  two  further  cells  of  lower  frequency  (denoted /p)  found  near  the  ends  and 
extending  over  a  s[)anlength  of  around  10  diameters.  If  the  length  of  the  cylinder  is 
reduced,  the  central  cell  is  found  to  contract  until,  at  a  certain  critical  L/D  (found 
here  to  be  28).  this  central  cell  suddenly  vanishes.  At  this  point  the  end  cells  merge 
together,  leaving  the  whole  span  shedding  vortices  at  the  one  frequency /g.  (Such  an 
observation  is  consistent  with  the  results  of  Geri<'h  1986.)  This  phenomenon  can  be 
observed  from  the  sj)ectra  and  diagrams  shown  in  figure  26.  for  a  Reynolds  number 
of  101.0.  In  the  left  column  are  shown  s|)eetra  taken  from  a  hot  wire  situated  in  the 
centre  of  the  span,  for  various  L/D.  In  the  right  column  are  shown  diagrams  of  the 
corresponding  arrangements  of  the  different  fre<)Uency  cells  across  the  span. 

For  values  of  L/D  >  45.  the  wake  velocity  fluctuations  give  a  periodic  spectrum 
with  a  {K*ak  c<>rresponding  to  the  frequency/,^  (giving  in  this  case  a  Strouhal  number 
of  0.1610).  as  .shown  in  figure  26(rt).  As  L/D  is  n*duced.  so  the  hot  wire  increasingly 
feels  velocity  fluctuations  at  the  end-cell  frequency /,  until,  at  a  value  of  L/D  =  30 
in  figure  26(c),  there  is  approximately  equal  energy  from  fluctuations  at  the  tw'o 
frequencies.  In  this  case,  the  sjjectrum  is  quasi-periodie  with  many  peaks,  all  of  which 
correspond  with  combinations  of  the  two  frequencies  and  f^.  As  can  bo  seen  in 
figure  26.  there  is  a  gradual  change  in  the  form  of  the  spr'ctrum  as  L/D  is  reduced 
down  to  the  value  of  28.  although  further  reduction  in  the  cylinder  length  causes  a 
sudrlen  vanishing  of  the  central  cell,  and  with  it  an  abrupt  change  from  a  quasi- 
jK-riodic  spectrum  to  a  fKwiodic  one.  This  is  demonstrated  clearly  by  comparing  figure 
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K.  URK  2t).  Kfffct  of  a  variation  of  (tMikUm-  IcnfFth/diamctcr  ratio  {L/ i>)  on  the  spectra  of  the  wake 
vehpcitv  Hiietiiations  (shown  on  tiie  left),  and  on  the  cell  arrannement  alonjz  the  span  (on  the  rifiht). 
The  hot  w  ire  was  situated  in  the  centre  of  the  eyiinder  span  in  each  ease  (positii>n  show  n  in  the 
diagrams  hy  a  solid  circle),  at  around  10  diameters  downstream  of  the  cylinder  axis  and  l.o 
rliaineters  from  the  wake  cmitreplane.  He  =  101 .0.  D  =  O.Otil  cm.  Kmljilate  diam. /cylinder  diam.  = 
lo.  Knd|)lates  parallel  w  ith  the  fn-e  stream. 


26 (r  and  d).  In  the  latter  ca.se.  the  .speetrum  now  has  a  jteak  corresponding  to  a 
Stroiihal  number  of  0.1408.  which  is  13%  below  that  for  the  periodic  spectrum  in 
figure  26{a). 

Measurements  of  >Strouhal  number  in  figure  27.  again  at  Re  =  101. 0.  show  that 
for  L/D  >  28  the  frequency  /g  over  the  central  span  is  unaffected  by  a  variation  in 
le/l).  Also,  velocity  fluctuations  at  the  frequency  /p  can  be  felt  in  the  spi'ctrum  for 
Ij/D  <  45.  These  results  suggest  that  for  L/l)  >  45.  the  vortex  shedding  in  the 
central  span  is  unaffected  by  the  direct  influence  of  the  end  cells.  Nevertheless,  the 
end  effects  have  an  influence  on  the  flow  over  the  whole  span  in  an  indirect  fashion, 
and  this  point  is  discussed  further  in  §3.3. 

With  relevance  to  the  above  results,  some  indication  of  the  relative  importance  of 
different  parts  of  a  wake  vorticity  distribution  in  inducing  velocities  at  a  point  close 
to  the  cylinder,  can  be  given  from  Biot-Savart  considerations.  For  example,  consider 
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Fuii  KK  27.  Strouhal  number  .S'  versus  eylimler  lenf{th/<liameter  ratio  Ljl)  for  the  fre(|uen('y  of 
vortex  shedding  in  the  ventre  of  the  span.  Re  =  lOl.tt.  Xote  the  sudden  drop  in  the  frequency  at 
LID  =  28.  which  corresponds  with  an  abrupt  change  in  the  spectra  and  cell  arrangement  shown  in 
figure  26. 


an  clomont  of  a  wake  vortex  parallel  to  the  cylinder,  and  lying  at  (x.  z)  w  hich  are  the 
streamwist'  and  spanwise  coordinates  relative  to  the  point  of  interest  (our  origin). 
Then  the  magnitude  of  the  induced  velocity  |A«|  can  be  shown  to  vary  as 


|Am|  =  A.<t 


X 

(7+?)i 


for  a  small  vortex  element  of  length  A-s  and  circulation  |)er  unit  length  F.  The  induced 
velocity  of  a  vortex  element  decays  rapidly  like  I/:®  at  large  spanwi.se  distances  (;) 
from  the  origin,  and  like  1/j-^-for- large  .streamwise  distances  (r)  from  the  origin.  Using 
a  more  specific  example,  consider  a  parallel  vortex  half  a  shedding  wavelength 
downstream  (around  2.5  diameters  downstream)  from  a  point  of  interest  near  the 
cylinder.  In  this  case,  an  element  of  the  vortex  induces  a  velocity  that  is  less  than  I  % 
of  its  value  for  the  case  when  2  =  0,  when  the  element  is  greater  than  1 1  F>  away  in 
the  spanwise  direction.  The  above  eon.siderations  suggest  that  the  dynamics  of 
vortex  shedding  at  .some  spanwise  position  are  influenced  in  a  direct  fashion  mainly 
by  the  local  distribution  of  wake  vorticity,  in  a  region  spanning  typically  10 
diameters  to  either  side  of  the  position  of  interest. 
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REVIEWS 

De  la  Causalite  a  la  Finalite:  A  Propos  de  la  Turbulence.  By  A.  F.wre.  H. 

Guitton,  J.  Guitton,  A.  Lichnewowicz  &  E.  Wolf.  Maloine  Editeau.  1988. 

256  pp.  150  FF. 

This  extremely  unusual  book  presents  (in  French)  a  global  philosophical  analysis  of, 
order  and  chaos,  determinism,  finality,  and  turbulence,  resulting  from  an 
unprecedented  interdisciplinary  collaboration  between  all  disciplines  of  the  French 
Academy  (Science,  Literature.  Political  Sciences).  The  authors  arc  well  known  for 
their  contributions  to  'turbulence'  in  Fluid  Mechanics  (Alexandre  Favre).  Pure 
Mathematics  (Andre  Lichnerowicz),  Philosophy  (.Jean  Guitton).  Economics  (Henri 
Guitton),  and  Biology  (Etienne  Wolf).  Their  aim  is  to  illii.strate  through  various 
examples  how  chaotic  and  unpredictable  systems  encountered  in  fluid  iiK'chanics. 
meteorology  and  oceanograjn'.  theoretical  physics,  economics,  embryology  or 
genetics,  obey  a  global  determinism  principle,  called  throughout  the  hook  finality  or 
'teleonomic'.  after  Jacques  Monod's  famous  essay  Le  hmard  el  la  nerenuile  (Chance 
and  necessity). 

The  first  chapter  presents  the  methods,  concepts  and  languages.  It  introducc's  a 
discussion  on  deterministic  and  disordered  chaos,  determinism  and  predictability, 
and  stre.sses  that  unpredictability  is  not  incompatible  with  determinism.  Gf  cour.se. 

1  fully  agree  with  this  statement. 

The  second  chapter  is  a  quite  general  and  classical  pres»>ntation  of  transition  and 
turbulence  in  fluid  mechanics,  with  emphasis  put  on  the  role  of  spatio  temporal 
correlations.  It  is  also  demonstrated  (pp.  71-73)  that  turbulent  Hows  fulfill  the 
conditions  of  determinism  :  although  I  believe  the  result  must  be  true.  I  do  not  think 
the  derivation  given  here  is  valid,  since  it  mixes  up  arguments  concerning  the 
feasibility  of  refjroducing  ex()erimentally  laminar  Hows  under  the  same  gc'ni'ral 
conditions  with  arguments  ba.sed  on  a  .statistical  stability  of  turbulent  Hows.  To  me, 
determinism  of  turbulence'  would  require  a  uniquene.ss  theorem  for  the  solutions  of 
Xavier  .Stokes  equations  at  arbitrary  times;  uf>  to  now.  and  since  Leray's  1934  work, 
the  theorem  holds  only  up  to  a  finite  time.  The  end  of  the  cha|)tcr  is  devoted  to  '  mass- 
weighted  averages '.  introelucetl  by  Favre,  which  are  now  w’idely  u.sed  for  comt)ressible 
turbulence  modelling.  The  third  chapter  is  a  well-documented  |)rcsentution  of  the 
|)hysics  and  dynamics  of  the  Earth's  atmo.s|)hen‘  and  oceans  and  their  mutual 
interactions.  Turbulence  is  f)resented  as  a  nece.s.sary  regulating  f)henomenon. 
developing  in  order  to  allow  thermal  Huctuations  and  the  n'distribution  of 
|)olIutants.  thus  p-rmitting  the  develof)ment  and  prestn-vation  of  life  on  the  Earth. 

I  do  not  know  whether  the  COj  problem  or  the  Antan-tic  ozone  hole  fit  this 
optimistic  teleonomic  f)oint  of  view. 

The  fourth  chapt<'r  is  devoted  to  f)hy.sical  theories  (grouf)  theory,  variation 
calculus,  sfx'cial  and  generalized  relativity,  stati.stical  and  (fuantum  mechanics).  I 
have  some  difficulties  in  re<;onciling  this  chapter  with  the  general  f)urj)ose  of  the 
book,  but  it  is,  by  itself,  extremely  clear  and  f)leasant  to  read.  For  instance. 
Einstein’s  interpretation  of  gravitational  forces  in  terms  of  sf)ace  time  curvature 
effects  (p.  151)  is  nicely  illustrated. 

I  have  no  great  exf)ertise  in  biology  and  ecumomics.  and  do  not  think  I  can  say 
anything  sensible  about  the  fifth  chapter  (focusing  on  embryology  and  on  the  DXA 


